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1. Let G bea group of order 168.
(I) Does G have a subgroup of order 57 Please explain your answer. (5 4")
(2) Does G have a subgroup of order 3? Please explain your answer. (5 4")
(3) Suppose G is asimple group. How many Sylow 7-subgroups does G have?
Please explain your answer. (7 %")
2. Suppose G =(a) isacyclic group of order 20. Let H =(a®) be the subgroup of G generated
by a’.
(1) What is the order of H#? You do not need to explain your answer. (5 %")
(2) Prove that the groups G/H and Z, are isomorphic. (7 %)
3. Consider the polynomial f(x)=x’-30x’+18x—12 in Q[x]. Is f(x) irreducible in Q[x]?
Please explain your answer. (7 %°)
4. Consider the polynomial g(x)=x"+2x+2 in Zx]. Let 7={g(x)) be the ideal of Z;[x]
generated by g(x). Is Z,[x]/7 afield? Please explain your answer. (7 ")
5. Write 220 as a product of irreducible elements in Z[i]. You do not need to explain your answer.
(75)
6. Let 4 bean 5x5 symmetric matrix such that the null space of 4 is
N(A) = {(%,, Xy, %5, %,,%5) 1 %, = 7x, +5x, —4x, = 0}.
Find a basis of the column space of 4 . Please explain your answer. (10 %)
7. Let 4 be an mxn matrix. Prove that if P and Q are invertible mxm and nxn matrices,
respectively, then rank(PAQ) = rank(A4).(10 %)

1 1 -1 6
-1 0 1 -2
8. Let A= and b= )
1 2 - 10
1 1 0 3

(1) Determine whether the linear system Ax =& is consistent or not. (4 %)
(2) Find the least square solution of Ax =5.(7 %")

3 2 -1
9. Let A=|1 4 -1|.Test A fordiagonalizability. (7 %")
1 2 1

10. Let T and U be two linear transformations on a finite-dimensional vector space 7 .
(1) Show thatif [7'], =[U], for some ordered basis g for ¥ ,then 7=U.(6 %)
(2) Prove thatif 7 and U are simultaneously diagonalizable, then 7 and U commute (i.e.,
TU =UT).(6 %)



