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1. (15 %) Consider a bounded closed rectangle £ C R? and suppose f : E — R is continuous.
Prove that f attains its maximum and minimum, f has the intermediate value property, and f

1s uniformly continuous on E.
2. (10%)
(a) Let {s,} be areal sequence with

§51 282228 2Spp1 2 2 0.

Prove that if Z s, converges, then lim ns, = 0, but the converse statement does not
n—yo0

n=1

hold.

(b) Determine whether the following series converges or diverges:

i l+3+3+-+1

n=1 n

3. (10 %) Suppose f : (a,b) — (c,d) is differentiable, f'(x) # 0 for each x € (a,b), and f is
onto. Prove that f is a homeomorphism and the inverse function f~!: (c,d) — (a,b) is

differentiable with the derivative

(f“l)’(y):,_ix_)_, where y = f(x).

4. (15 %)
(a) Prove that if {K,} is a sequenece of nonempty compact subsets of a metric space such
that K} D Kp O ---, thenN,_, K, # 0.
(b) Suppose that K is a compact metric space, and
(i) {fi.} is a sequence of real-values continuous functions on K,
(i) {fn} converges pointwise to a continuous function f on K, and
(i) fu(x) > for1(x)forallxe K, n=1,2,....

Prove that f;, — f uniformly on X.
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. (15 %) Let A and B be two nonempty subsets of negative real numbers, with inf A = —3 and
inf B = —35. Define another set C = {ax b |a € A,b € B}. Which of the following statements:

(a)infC=15 (bysupC =15 (c)infC=0 (dsupC=0

is true? Indicate the correct statement and prove it.

1
. (10 %) Let g(x) = e~ % -sin(%). Show that g(x) < —= for all x > 0.

V17

. (10 %) Let A be a real-valued function whose second derivative /" is continuous over R.
Given that 2(0) = 3, #/(0) = —4, h(2) = —2 and #'(2) = 5, evaluate the integral:

2
/ xh'(x)dx.
0

. (15 %) Let B be the solid ball {(x,y,z) € R? | x* +-y? +2z% < r?} of radius r > 0 in R?. Evaluate

the triple integral:
2, .2, .2
///B(x +y* +2°) dxdydz.
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