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1. Given a symmetric matrix
1 -2
a=(5 1)
-2 1

(a) Find the eigenvalues and the corresponding eigenvectors of the symmetric matrix 4.
Remember to normalize each eigenvector to a unit vector. (10 marks)

(b) Find a matrix U which is resulted from the eigenvectors of A so that UAU1is a diagonal
matrix with the diagonal matrix elements being the eigenvalues of A. Please show your work
of calculating UAU ~! explicitly. (10 marks)

2. (a) What is the Stokes's theorem in vector analysis? (5 marks)

(b) Verify the Stokes's theorem ford = 2yT1+ 3xj— 2%k by considering the surface S of the
upper half sphere x*> + y? + z2 = 9 and its boundary C. The normal vectors for the
surface S are chosen to point outward. (15 marks)

3. Consider the following second-order ordinary differential equation (2nd-order ODE)

Y +y) =
(a) Find a general solution for this 2nd-order ODE without using the method of power series. (5
marks)

(b) Using the method of power series to solve this 2nd-order ODE. Verify that the solutions
obtained by these 2 different methods are actually identical. (15 marks)
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4. Evaluate the following two integrals (each counts 10 marks)

2m 1
(@) fo 5— 4c059d9'

*® 1
(b) fo 1+x4dx.

Hint: you might want to use the residue theorem in complex analysis. You will receive the full
credit as long as the method you use to calculate these integrals leads to correct answers.

5. Given a function f(t) defined for all t > 0, its Laplace transform L(f (t))(s), which is
conventionally denoted by F(s), is defined by

F(s) = L(f(©))(s) = fme’Stf(t)dt, s> 0.
0

(a) Show that

L' ())(s) = sF(s) — f(0),
L ()(s) = s2F(s) —sf(0) — f'(0),

where f'(t) and f''(t) stand for the first derivative and the second derivative of f(t) (with
respect to t), respectively. You might assume that the Laplace transforms of f (t), f'(t), and

f"(t) exist. (10 marks)

(b) Use Laplace transform to solve the following second-order ordinary differential equation
(2nd-order ODE) with the given initial conditions. (10 marks)

fr@+fe)=1tf0)=101'(0)= 2

Notice if you solve (b) by methods other than Laplace transform, then the most credit you can
get is 4 marks (out of 10 marks).



