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Determine constants, a, b,..., f, so that the function yo(t) =a, yi(t) =b+ct,

y2(t) =d + e t + £t form an orthonormal set on the interval 0 <t <1. (20%)

Using the Laplace transformation, solve the initial value problem

dr,

=21 =31,
dt,
Hd? =1, =21

4(0)=8,r,(0)=3
What are the characteristic equation and the eigenvalues of the problem? Explain

whether the problem is stable or not. (15%)

The microbial growth is described by the logistic equation

dx(r) _ x(t)
7—,%{1 5 J x(t)

where Ly, is the maximum specific growth rate (h) and x,, is the maximum attainable

biomass concentration (g/L). Both factors are constants. Find the biomass
concentration x(f) as a function of time ¢ if the initial biomass concentration is set as

xo. What is the biomass concentration when the time approaches to infinity? (15%)

The method of Gauss-Jordan elimination is to get an inverse of a square matrix A

from the augmented matrix [ A [ I ] to [ I | K ]. Prove K is the inverse of matrix A.

(10%)

Suppose x, y, z are functions of variables g, , g2 , g3. Let #, be a unit vector in the
direction of increasing ¢;. In any orthogonal coordinates,

(i) prove that the divergence of F can be expressed as

VeF(4:9,:9:)= R e o, (th)+a (F,hhy)],

hh.hy 0 g,

where F(Q:e%"h) = Fi(4,:9>-95)i, + F(q,,95,95)it, + F3(q,,9,. 95,
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h = \/( (——) oy = \/( ey ) 3
Qv g, aq, 392 (10%)
B S Y _C‘_Z_z
hg—\j(aqg) +(aq3) +(aq3)
(ii) Show the divergence becomes Ve F (7,8, z) = —-——( rF)+ o 6F

86‘ oz

cylindrical coordinates. (5%)  (Hint: x =r cos G, y=rsin 6,z=72)
The vibration of an elastic string of length L, fastened at the ends, picked up at time
zero to assume the configuration of the graph of y = g(x), and i‘eleased from rest.

(i) Prove the governing equation is the wave function,

62)’ 2 62 0
EF:.«: pv ,0¢x<L t >0, where ¢” is a constant. (10%)

(ii) Solve the differential equation. (15%)



