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1. a. (5 pts) Let # € R and A be a nonempty subset of R. Write down the definition of
[ is the supremum of A.
b. (10 pts) Suppose that f : [a, b] — R is an increasing continuous function. Show that
sup f(E) = f(sup E), where F is a nonempty subset of [a, b], and sup £ and
sup f(E) represent the supremum of E and f(E), respectively.
2. (10 pts) Suppose that f : [a,b] — R is continuously differentiable and 1 — 1 on [a, b].
" Show that o
RCEE: [ Q% = b ~af(@)
3. Let f: [a., b] ++ R be a function. Define

V(f, P) = Z |f(z:) = flzia)]

for each partition P = {z¢, Z1, -, Tn} of [a, b]. The variation of f is defined by
Var(f) = sup{V(f, P)| P is a partition of [a, b]}.
(6 pts) Show that if Var(f) < oo, then f is a bounded function on {a, b].
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. (9 pts) Show that the variation of f(z) = {

. (10 pts) Suppose f’ exists and is integrable on [a, b]. Prove that
b

Var(f) = [ £ @)ds

. (10 pts) Let « € (0, 1], and § > —1. Prove that (1+4)* < 1+ ad.
. (10 pts) Show that
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lim 15 (1 + %)ne"‘dz = 4.
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. (10 pts) Is the function f(z,y) = 1/ |zy| differentiable at (0, 0) ? Prove your assertion.
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(10 pts) Suppose f: R? — R satisfies
[f(z1,31) = f(22,92)] < 2011{(z2 — 71)* + (2 — ¥1)?)

for all (z1,11), (z2,¥2) € R2 Is f a differentiable function in R? ? Prove your assertion.

6. (10 pts) Find extrema of f(z,y) = 2%+ zy + 4y® on Q, where () is the region bounded
by the triangle with vertices (1,0), (1,2), and (3,0).




