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1. Let {zx} be a bounded sequence in R, and let Y, = sup{zy | k > m}.
(a) (6 points) Show that limp,_,c ¥;n exists.

(b) (6 points) The limit superior of the sequence {zx}, denoted limsup,_,., zx, is defined by
limsupy_,o, Tk = liMpy_,o Y. Show that limsup, .., zx = a if and only if for any € > 0,
there are infinitely many k for which zx > a — € but only finitely many for which zx > a +e.
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. Let f(.’l:,y) = .’1}2 + yZ ’ if (I’y) 7£ (07 0)1
0, if (z,9)=(0,0).

a) (6 points) Show that f is continuous at (0,0).

b) (6 points) For each unit vector u € R?, show that the directional derivative of f at (0,0) in
the direction u exists, and compute it.

(c) (4 points) Show that f is not differentiable at (0, 0).
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(10 points) Let S be a compact subset of R™. Assume that f : S — R is continuous, and f(z) > 0
for every z € S. Show that there is a number ¢ > 0 such that f(z) > ¢ for every z € S.
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. (10 points) Find the 3rd-order Taylor polynomial of f(z,y, z) = z24? + zy based at a = (1,2, 1)

5. (a) (4 points) Let f(z,y) = (z + 2y, € siny, z +log(1 + ?)), and g : R? — R? be of class C"
with g(1,2) = (0,0), and Dg(1,2) = (é —;) . Compute D(f o g)(1,2).
(b) (6 points) Suppose that f is a homogeneous function of degree a on R”, i.e. f(tz) = t*f(z)
of
for all t > 0 and z # 0. Show that J; TiTpm—— 5., =ala—1)f.
6. (12 points) Let f(z,y) = (222 + yz)e‘zz‘yz. Find and classify the critical points of f.
7. Let x1,T9,..., T, denote nonnegative numbers, and ¢ > 0.
(a) (8 points) Use Lagrange’s method to find the maximum of the product z;z, - - - z, subject
to the constraint £, + 2z + -+ z, = c.
(b) (6 points) Derive the inequality of geometric and arithmetic means, i.e. (212 - -xn)l/n <
tTIat -+ T, : . :
DT T2 - rz , and show that the equality holds if and only if the z;’s are all equal.
2,1 ;
8. (a) (6 points) Evaluate / / ye™ ™ dxdy

(b) (6 pomts) Let S be the reglon in the first quadrant bounded by the curves zy = 1, zy = 3,
—y* =1, and 2” —y? = 4. Compute [[ (22 +12)dA.

(c) (4 points) Let R be a regular region in R3 with piecewise smooth boundary, and let
F:R® — R3 be a vector field defined by F(z,v, z) = zi + yj + zk. Show that the volume of

RlS—// F.ndA.
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