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1. (2 pts) (a). How many routes are there from the lower-left corner of an nxn
square grid to the upper-right corner if we are restricted to traveling only to the
right or upward? For example, one such route is shown in a 4x4 grid in the

BEEm

o>
A 4x4 grid with a route from the lower-left
Corner to the upper-right corner.

following:

(10 pts) (b). How many routes are there from the lower-left corner of an nxn
square grid to the upper-right corner if we are restricted to traveling only to the
right or upward and if we are allowed to touch but not go above a diagonal line
from the lower-left corner to the upper-right corner?

2. (5 pts) (a). Find the dual of the following map and show that its dual is a planar
graph (i.e., the vertices of the dual graph consist of one point in each face of the
original graph, including the unbounded face. An edge connects two vertices if
the corresponding faces in the origfnal graph are separated by a boundary).

(5 pts) (b). Use the result of (a) to show that any coloring of the original map

requires at least four colors.
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3. (10 pts) Let L be the set of strings accepted by the finite-state automation A of

the following graph. Construct a finite-state automaton that accepts the strings
L={xp..x1 | X1 ..Xp € L}

4. (10 pts) (a). Prove lg nl=1is ® (n Ig n).
(10 pts) (b). If f(n) is the number of comparisons needed to sort n items in the
worst case by a sorting algorithm, then f(n) = Q (n Ig n).

5. (3 pts) (a). Find the disjunctive normal form of the following function:

X v z flxy2)
1 1 1 1
1 1 0 1
1 0O 1 0O
1 0 0 1
0 1 1 0
0 i1 0 O
0 0o 1 1
0 00 1

(10 pts) (b). Design the circuit using only NAND gates to compute the above
function.

6. (15 pts) Solve the recurrence relation
dn=4(dp.1- dn-Z)
subject to the initial conditions dp = 1 = dy.
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7. (10 pts) Determine whether or not the following graph contains a Hamiltonian cycle.

If there is a Hamiltonian cycle, exhibit it; otherwise, give an argument that shows
there is no Hamiltonian cycle.

a b c
S TSN |
/A 5\
d /. e \f \
L N \\\\.-\ k

8. (5 pts) (a). Use mathematical induction to show that
L=t S ¥ =D forall n>2

where { f, }is Fibonacci sequence (i.e., f, = f, , + f._,,for alln 23, £=1,1=1).
(5 pts) (b). Based on the result of (a), show that forn > 2

_ ./;1—1 + \/anz-l + 4(—1)”H
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