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— ~ (5%) If F(s) is the Laplace transform of f(t), denoted by F'(s) = L{f(t)}, find the inverse
Laplace transform £7! {F(as + b)} in terms of f(t), where a > 0 and 6 # 0,

=~ (5%) Solve

| = » (5%) LEt

Compute et

@ + (5%) Consider the non-homogeneous linear system z’ = Az + e™y where z is a vector con-
sisting of functions in t, & is not an eigenvalue of A, and v 7 Q 1s a constant vector. Find a
particular solution of the system, in terms of A, @, v and .

A (10%)

(—) (5%) Determine the Fourier series coefficients (a,,bn) of the function f (t) =t - u(t)

expanded over the interval (—x,27), where u(t) is the unit-step function.

(=) (5%) If the coefficients (an, b,) from & ~ (— ) are also the Fourier series coefficients
of some function expanded over the interval (—2m, 47), find the function in terms of f(t).

7 ~ (10%) Solve the following boundary value problem for f(z,¢) with z > 0 and 0 <t <10
ok s,
5{2' ($:t) = 3@ (:I::t)'}
s, 5, %,
—f(z,t)| = =fl(z,t)] = =f(z,1) =0, f(0,t) = 4cos(mt)
at t=0 at t=>5 at t=10
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(12%) Given y1(z) = z" is one solution of the homegeneous 2nd order linear differential

equation z%y” — 5zy + 9y = 0.

(—) (2%) Derive its characteristic equation in terms of parameter r.

(=) (3%) Let y3(z) = v(z)y;(z) be another linearly independent solution. Determine the
governing differential equation of v(z).

(=) (3%) Find v(z) by solving the differential equation in + ~ (=)
(@) (4%) Apply the method of variation of parameters to find a particular solution of
y' =2y + py =12’

(87%) Solve the differential equation (z? — 1)y” — 6zy’ + 12y = 0 by power series of the form
y(z) =D ., cnz™

(—) (2%) Find the recurrence relation of ¢,

(=) (4%) Find the two linearly independent solutions. Write the first three nonzero terms
of each series if it is an infinite series.

(Z) (2%) Find the guaranteed radius of convergence.

(10%) A system of linear equations has unknown coefficients which can be expressed with the
real variable a. The system is as follows

1 a 0 T1 0
0 1-— (12 1 Lo — U
0 0 1+a® ||z |0

Please determine the value of a for the system to have nontrivial solutions.

(77%) Let A be an n X n matrix. Assume gy > --- > 7, are singular values of A. Forany £ # 0
(element-wise not equal to), what is the relationship between oy |z|l,, o= l|z]l,, and ||Az],,

where ||z||, denotes the Euclidean norm of vector £?7 Justify your answer algebraically.

(8%) Given n x n positive definite matrices A and B, for any z # 0, derive the expression to
find the smallest value of det (-—T%%) What is this smallest value? Find the expression for z,

or function thereof, to achieve this minimum value.
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T =~ (15%) Let P3 be the set of all polynomials of the form ag + a1z + a,z? + asz3, where ay, a;,
az, and ag are real numbers. Assume T : P3 — P5 is a linear transformation with

T ({I.U + a1 + a2$2 + El3$3) — (ilg + &3) + (Cl} + {10)33 -+ ({12 + ﬂ1)$2 + (-‘113 -+ {12)333

(—) (6%) Find the range and null space of T.

(=) (4%) Assume any polynomial p(z) € P; can be represented as

pz)=xz-1+z-(1+z)+z3- L+z+2°)+ 24 (1 4+ 2+ 2% + 2%

and its corresponding polynomial T'(p(z)) is represented as

T(p(z)) = yi- 14y - Q+z)+ys- 1+z+2) +y - 14z + 2%+ %)

Please find the corresponding matrix M such that s
| % [z,
I I
Y3 Z3
‘. Ys _ . Tq _

(Z£) (5%) Please find all polynomials that map to 1 + 2z + 2z2 + z3. That is, please find
all p(x) such that T(p(z)) = 1 + 2z + 222 + z3.




