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1. (Total 15%)

Let M,  (C) be the vector space consisting of all »n x n matrices with complex entries. Two matrices A, BEM __ (C) are said

nxn

to be unitarily equivalent if there exists a unitary matrix P € M _(C) suchthat A =P BP, where P" isthe conjugate transpose
of P.

(a) (10%) Let A, BEM,  (C) be unitarily equivalent. Show that #(A°A) = tr(B°B).

1 2 1+21 1
(b) (5%) Determine whether the matrices A =(2 _ 3) and B =( " 2) are unitanly equivalent (you need to justify your
+ I ]

answer)?

2. (Total 10%)

Let P,(R) be a vector space that consists of all polynomials with real coefficients and with degree less or equal to 2. Let T be a
linear operator on P,(R) defined by

T f(x)=fQ2x-1)-2xf (x),

forall f(x)&P,(R).
(a) (6%) Suppose that B={1+x*x+x*1+x+ x*} 1is an ordered basis for P,(R). Find the matnix representation of 7 in S, i.e.,

[T],.
A
(b) (4%) Let A=[T], andlet U be a linear operator on R* defined by

U(x) = Ax

for all x €R’. Find a basis for the range space of U.

3. (Total 20%)
|

(a) (6%) Solve y' +—-y = 3x2.
X

(b) (14%) Given the differential equation: i(t)+a-:i(t)+ b-x(t)= u(t) where u(t) 1s a unit-step function, the response x(t) is

expressed as: x(t)= 0.01- [1 -C- e'sﬁ't -.s'z'n(S\/E t+ 8] . All init1al conditions are zero. Please calculate the constants a, b, ¢, and

the angle 6 (the unitis radian).
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4. (Total 15%)

If a peniodic function whose Laplace transform i1s shown as:

S
'| F S =
() (s> +D(1-e™)
1 : L. .
(a) (10%) Using power series to expand P and find the corresponding periodic function f{7).
—e

(b) (5%) Please plot this function f{¥) in t~domain.

5. (Total 15%)

For a function: f(x) = ]sin xl , where -7 < x <. If we wish to use a function g(x), which is in a finite-dimensional vector space V

spanned by trigonometric functions: sin nx and cos nx for n =0 to 5, to approximate f{x).

(a) (6%) Does the set {sin x, sin 2x, sin 3x, sin 4x, sin 5x, cos Ox, cos x, cos 2x, cos 3x, cos 4x, cos 5x} form an orthogonal basis in

Vior - m<x<n?

| (b) (9%) Please find g(x) in V that is “closest” to f{x), i.e., g(x) is with minimum square error from f{x) in V.
Y ou may need the following formulas:

sinxcos y = +[sin(x + y) + sin(x - y}], cosxsiny =[sin(x+ y)—sin(x - y)],

cos xcos y = z[cos(x + y)+cos(x—y)], sinxsiny = s[cos(x —y)—cos(x + y)]

6. (Total 25%)

Evaluate the integrals (counterclockwise)

(a) (10%) $——dz, C:lzl=4.5
. COSZ

€+ 2 '
(b} (15%) 51———- f F(2)dz, where F(z) = = +ki2)2 and k 1S a constant.
U C—im <




