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1. Determine whether each of the following statements is True or False.
(FREEHT2A 8724 > B 5 Edr I L 235040 )
(1) The null space of a matrix A is the set of all solutions of equation Ax = 0.
(2) Any vector set {vi, ..., v} in R" is linearly dependent if p < n.
(3) An m x n matrix A has orthonormal columns if and only if ATA = 1.
(4) Let A be an n x n matrix, A is invertible if and only if det(A) = 0.
(5) Let A be an n x n matrix, A is invertible if and only if Ax = 0 has only the trivial

solution.

2. Determine the values of ‘a’ and ‘b’ such that the system of linear equations

(1) has no solution. a, b =?

X, —2X, +3X; =9
— X, +3X, +ax, =—4

2%, —5%, + 2%, =D

(2) has infinite solutions. a, b = ?
(3) has an unique solution. a, b =?

3. Given a matrix A =

10
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(1) Find the eigenvalues of A.

(2) A =2
1
1
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(1) Determine the values of a, b, c.
(2) Find the orthogonal projection of y onto span{vi, v, vs}.
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5. Find the inverse of following matrix A.

A=

N - O

1
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, and {vi, v, v3} is an orthogonal set.
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6. Determine whether each of the following statements is True or False. (10%)
(FHEHE2L, 47028 B FHICT I AFEE 081 0)
(1) If the universe of discourse is the set of real numbers, Vx3y(xy = 1).
@) {3sB-AiIfA={x y}and B = {x, {x, z}}.
(3) For any integer n, if n is not divisible by 2 or 3, n1 must be divisible by 24.
(4) If ac = bc (mod m), then a=b (mod m).
(5) There is a tree with degrees 4, 2,2,2,2,1,1,1, 1.

7. Fill in the blanks in the following statements. (3 points for each, 15%)
¢ Thereare _ (1) functions from Ato B if A= {x, y} and B = {x, {x, z}}.
o Let S={(1,2),(2,4),(3,1),(4,3)} be arelation on {1,2,3,4}, then S°= _ (2) .
¢ 3®mod140= _(3) .
¢ Thereare _ (4) distinct bit strings of length six with no four consecutive 0s.
¢ A forest that consists of 6 trees and 55 vertices must have _ (5)  edges.

8. Write down the recursive definitions of the following sets.
Example: The set of all bit strings of even length. (Let A be the empty string.)
Recursive definition: (Base case): A€S.
(Recursive step): if weS, then 00w, 01w, 10w, 11weS.
(1) The set of all bit strings of even length that start with 1. (5%)
(2) The set of all bit strings that have more 0s than 1s. (5%)

9. Derive the closed form of a simple function that generates the terms of an infinite
sequence beginning with integers 3, 6, 11, 18, 27, 38, 51, 66, 83, 102... (5%)

10. Imagine that you have 16 coins, one of which is a lighter counterfeit (i %), and a
free-beam balance (#*). No scale of weight is marked. To find the counterfeit coin,
(at least) how many times of weighing are needed? Explain your answer.  (5%)

11. How many non-isomorphic un-rooted trees are there with four vertices? Draw
these trees. (5%)



