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1. Let 4 ={2,3,4,9,12,18}, and define a binary relation R on set A by
Ry if zly (ie., z divides g). ' ,
(a) Draw the Hasse diagram for the partially ordered set (4, R). (5%)
(b) Is the partially ordered set (A4, R) a lattice? You need to explain your answer.
(5%)

2. Consider the grammar G = (N, T, P, S), where N = {S A}, T = {a,b}, an
P ={S — aA,A— Shb}.
(a) Is G a type-3 (regular) grammar? (3%)
- (b} Is G a type-2 (context-free) grammar? (3%)
| (¢) Describe (in set-theoretic notation) the langusge generated by G. (4%)

3. .
(a) Let f(x) be the generating function for the sequence ay, ay, as;az, - - -
~ Prove that —li—z f(z) is the generating function for the sequence
g, G + 01, G0 + @1 + Az, a0 + a1 +ay +ag, - - - (5%)
*(b) Find the generating function (in closed form) for the sequence ag, ay, as, - -
where a, = Xy 4. (5%)

-
4

4. If < H,o > and < K, 0 > are subgroups of < G, o >, prove or disprove each
of the following statements.

(a) < HN K, o > is also a subgroup of < G, 0 >. (5%)

{(b) < HU K, 0 > is also a subgroup of < G,0 >. (5%)

5. Consider an algebra < A, o >, where A is the set of all functions from set X
to X, and o denotes the usual composition of functions. If f € A and f has an
inverse, prove that f is bijective (i.e., one to one and onto). (10%)
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6. Solve the following system: (10%)

7 2
7.Let A= [ 1] . Find all eigenvalues and all eigenvectors of A. (10%)

8. Brief answers. (30%)

3 -5 -3
(@) Determine ifw= | 3 | isinthenull space of A, whereA=| 6 -2 0
-4 -8 4 1

Explain your answer.

(b) Let T: R > R? with T(x) = Ax. What matrix has the effect of reflecting points
through the origin and then rotates points clockwise through n/2 radians?

o] [1 4
(¢) Decide the dependence or independence of the vectors | 1|, |2] and | —1}.
5 8 0

Explain your answer.

(d) Let H be the union of the first and third quadrants in the xy-plane.
That is, let H= {[

le Lxy > 0} . Show that H is not a subspace of R”.

y
(¢) Let T: R? - R’ be a transformation. Show that the transformation 7 defined by

T(x1, x2) = (5x1,x2 + 10, 6x7) is not linear.

(f) Determine ifb = [1
0

Explain your answer.

} is in the column space of A, where A = [ 51 ;:l
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