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1. Consider the vector space R" over R with the usual operations. Let

1 0 0
0 1 0
e =(0], e,=(0 , €,=0
0 0 1
and
1 1
& =0l &= Ep =
0 0 1

form two bases of R".

(@) Find a matrix A suchthat Ale,e,,--e,]1=[e,6,+€,].

(b) If veR" has the coordinate (1,2,---,n) on the basis {ee,,-e,}, what is the coordinate of v
under {e,&,,e,}?

2. Construct a 3x3 real symmetric matrix A such that the eigenvalues of A are 1,1, and -1, and
a=[111" and p=[2,21] are eigenvectors corresponding to the eigenvalue 1.

3. Define mapping T and U on the vector space R" by

T (X, X+ X0 ) =(0,%, X5, X 4)

and
U (Xg, X0, X0 ) = (X X, Xo 00+, X q)

(@) Find UT (%%, ++,X,) -

(b) Find 7™ (x, %y, %,) -

(c) Find matrix representation of T.

(d) Find matrix representation of U .

(e) Find dimension of Ker(T).
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4. Let
V={x=| % |eR*|x =X3+X;,Xp =Xg— X4 (-

(a) Show that v is a subspace of R*.
(b) Find a basis forv and for v*.

5. For RJ[x] over R, define the inner product as

(f ,g>:j_1f (x)9(x)dx

where P[x]=Span{lx,x*,x%}.
(a) Find an orthonormal basis for the subspace Span{x,x°}.

(b) Extend the basis in (a) to an orthonormal basis for R,[x] with respect to the inner product.

6.1f X and Y are independent random variables both uniformly distributed on (0,1), then
calculate the probability density of x+Y .

7.1f x and Y areindependent Poisson random variables with respective means 4 and 4,,
calculate the conditional expected value of X giventhat X +Y=n.

8. Suppose the joint density of x and Y is given by

4y(x—y)e Y 0<x<oo, 0<y<X
f(x,y):{ y(x-) y

0, otherwise

Compute E[X]|Y=y].
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9. Consider a circle of radius R, and suppose that a point within the circle is randomly chosen in
such a manner that all regions within the circle of equal area are equally likely to contain the
point. (In other words, the point is uniformly distributed within the circle.) If we let the center of
the circle denote the origin and define X and Y to be the coordinates of the point chosen, then,
since (X,Y) isequally likely to be near each point in the circle, it follows that the joint density
functionof x and Y isgiven by

f(x,y):{c’ ?f xi+yi£R2

0, if xX“+y°>R
for some value of c.
(a) Determine c.
(b) Find the marginal density function of X .
(c) Find the marginal density function of v .
(d) Compute the probability that D, the distance from the origin of the point selected, is less
than orequal to a.

(e) Find E[D].

10. Suppose you arrive at a post office having two clerks at a moment when both are busy but there
is no one else waiting in line. You will enter service when either clerk becomes free. If service
times for clerk 1 are exponential with rate 4;, i=12,find E[T], where T is the amount of
time that you spend in the post office.
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