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(1) (20 points)
The position vector of a point in two-dimensional space is given by 7(t) where ¢ is time. It can be
expressed in Cartesian coordinates and polar coordinates ¥ = zé; + yé, = ré,, where £ = rcos ¢ and
y = rsin¢.
(a) (5 points) Write down the orthogonal basis vectors of the polar coordinate system é, and ég in
Cartesian coordinate system (i.e., in terms of the Cartesian basis vectors é; and &,).
(b) (15 points) Derive the velocity ¥ = dr/dt and the acceleration & = d?7/dt? in polar coordinate system
(ie., in terms of (r,¢), their derivatives, and &,, é;).

(2) (10 points)
Plot the following two plane curves in Cartesian z—y plane The two curves are expressed in parametric
form. Simple labelling of the axes is required.
(a) (5 points) z = —sinf and y =1—cosf, 0 < § < 27.
(b) (5 points) z =6 —sinf and y=1—cosf, 0 < 0 < 2.

(3) (15 points)
A closed plane curve is given by (z,y) = (acosé, bsin ), where 8 goes from 0 to 27, and a and b are
constants. Derive the area enclosed by the curve. :

(4) (10 points)
z=x+14iy is a complex number (i = /-1). f(z) = u(z,y) +iv(z,y) is an analytic function of z. Here
z, ¥, w and v are real.

(a) (5 points) Write down the Cauchy-RJemann equations, and show that u and v satisfy the two-
dimensional Laplace equation VZu = Vy =

(b) (5 points) If 2% = a +ib (a and b are real), ﬁnd z and y in terms of a and b.

(5) (15 points) _
Find the eigenvalues (in terms of 3) and the corresponding normalized eigenvectors of the matrix

vy -8 00
- 00 1
M= R , where 7=-—rre.
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(6) (15 points)
Solve z(t) and y(t) of the following set of ordinary differential equations

dz dy

Pk D E:—Zz—y, and z(t=0)=1, yt=0)=-

(7) (15 points)
(a) (5 points) Show that f(z,y) = F(z —y) (F(¢) is an arbitrary function of ¢) is the general solution of
the first order partial differential equation,
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(b) (10 points) Find the general solution of
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Hint: Try g(z,y) = G1(z — )G (z +v).




