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(a) (3 points) An equation of motion of one dimensional oscillator is given by

d’z

r

= —-k:l?, (1)

where t is time, z(t) is the position of the point mass m, and k is the spring constant. Normalizing time by
v/m/k and length by the oscillation amplitude A, obtain a dimensionless equation

%—;X:-x. ()

Here, the dot operator stands for d/dT', T = (v/k/m)t, and X = z/A. Using the initial conditions X (T =
0) =1 and X(T = 0) = 0, solve Eq.(2) for X(T).

(b) (7 points) An equation of motion of a damping oscillator is given by

d’z dr
mﬁ —-—k:v—u(—iz, (3)

where v is a friction constant. As in (a), normalize Eq.(3) to obtain
X =-X-eX. ‘ (4)

What is € in terms of m, k, and v? Using the initial conditions X =1 and X = 0, solve Eq(4) to obtain an
~ exact solution Xezqct(T). ' '

(c) (5 points) Let us solve (b) by a perturbation method. By assuming ¢ < 1, we apply an expansion
X=Xo+eX1+€eXy+... (5)

to Eq.(4). We separate the equations order by order in terms of a small parameter ¢ in the perturbation
method. For example, at the lowest order {O(1)], we obtain

Xo = —Xo. (6)

At the order € [O(¢)], we obtain )
X1 = ~X1 - Xo, (7)

where the solution of X from Eq.(6) is substituted to the right side of Eq.(7). Solve Eq.(6) for X_o(T) using
the initial conditions Xy = 1 and X = 0. Solve Eq.(7) for X,(T) using the initial conditions X; = 0 and
X1=0. ' .

(d) (5 points) Continue the expansion of Eq.(4) to obtain the equation at O(e2). Solve the O(e?) equation
for Xo(T) using initial conditions X, = 0 and X3 = 0. By adding Xpert = Xo +€X1 + €2 X3, obtain the
approximate solution X,er:. Compare the solution with the exact solution in (b) (hint: do a Taylor expansion
of Xezact). To what order in € is the approximate solution correct?
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(a) (10 points) A one dimensional heat conduction equation is given by

T (z,t) 82T (x,t)
ot — 0x? ®

inadomain0<z<1andt>0.

As suggested in Fig.2, the initial condition is given by
T(z,0) =1 — z2. (9)

Take boundary conditions T'(0,t) = 1 and 7T(1, t) = 0. Draw the expected profile of T at t — co. Solve Eq.(8)
for T'(z,1).

(b) (10 points) Solve Eq.(8) for T(z,t) by taking the initial condition Eq.(9), and boundary conditions
0:T(0,t) =0 and T(1,t) = 0. Draw the expected profile of T at t — oo.

(c) (5 points) In (b), we would like to find a steady state solution (means the T profile do not evolve with
time) by adding a constant source term S '

OT (z,t)  0°T(z,t)
a2 =2nl g | (10)

Obtain the value of S.

Fig.2
1 . . . ,

0.8 I — T(X,O)

0.6 - 1
T(x,t)
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(a) (5 points) Consider a one-way wave equation,

0 3}
au(z, t) = —ca—xu(z, t).

(11)

where ¢ > 0 is a constant. Show that u(z,t) = f(z — ct) can be a solution in general.! Does the wave move to
the right or to the left, and why? The lines given by = — ¢t = constant are called characteristic curves. Draw
the characteristic curves taking z as the abscissa and ¢ as the ordinate.

Take ¢ = 1 for the moment. If a wave form of

w(z,0) = {sin (wz) for 0 sz <1 (12)
0 otherwise

is taken as an initial condition, what will be the wave shape at ¢ = 1?7 Draw the wave shape in a 3D figure
within 0 < z < 4 (see Fig.3) and comment on how the wave propagates.

(b) (5 points) We replace ¢ by 2t in Eq.(11). Draw the characteristic curves on the zt-plane. As in (a),
taking Eq.(12) as an initial condition, draw the wave shape at t = 1 in a 3D figure within 0 < z < 4.

(c) (5 points) Finally, we replace ¢ by u(z,t) in Eq.(11).2
| 0 0
B—t-u(z,t) = —u(z,t)ggu(z,t).

Show that in this nonlinear case, u(z,t) = g(z — ut) can be a solution in general. We take

2 forz<0
wz,0)=¢2-z for0<z<1
1 forz >0

as an initial condition. Draw the characteristic curves on the zt-plane. Draw the shape of u(z,t) at t = 0 and
t =1 in a 3D figure within 0 < £ < 4. Comment on what happens after ¢t = 1.

Fig.3
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! The familiar sinusoidal form, f(z — ct) = sin (z — ct) is one of the solutions.
*The right side corresponds to a convective derivative.
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(a) (4 points) Integrate f(z) = (2 — @)™ along a circle C (radius r, centered at a). Prove
2mi forn = -1
— n —
/C(z @) dz_{O forn# -1 "
Here, z and a are complex numbers and i = /=1 is the imaginary unit.

(b) (4 points) Prove Cauchy’s integral theorem

/C f(z)dz = 0.

Here, f(2) is a holomorphic function in a complex domain D, while C is a closed loop within D. You can use
the Cauchy-Riemann differential equations for the proof.

(c) (4 points) Prove Cauchy’s integral formula

fl@y=L 12,4

2mi Jo 2z~ a

Here, f(z) is a holomorphic function in a complex domain D, and C is a closed “counter-clockwise” loop
within D. Employing Cauchy’s integral formula estimate

Il:/seﬂi)d,_
v 241

where 7 is a circle of radius 1 with its center located at z = —i.

(d) (4 points) When f(z) is expanded in the form

[0}

f(2)= ) ar(z—a)*

k=-00

the coefficient “a_,” is called the residue of f (2) at a, which is described by “Resf (2)}z=c”. Prove Cauchy’s
residue theorem

|1 (@ de =2mi Y Resf(2)]sma
¢ k=1

where m is the number of isolated singular points ay inside the loop C.

(e) (4 points) Using the residue theorem estimate

Iz/—oo—-’tz-i-l .
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(a) (6 points) Consider a system of simultaneous ordinary differential equations given by

d:z:__ + 2z
dt_y )
d

d—!tl=z+:z:,
£i—z-—a:+
at - ETY

We would like to write the three equations in a matrix form

du
E—A-u,

where ut = (z,y,2) and A is a 3 x 3 matrix. Write the nine components of A explicitly. Obtain eigenvalues
and eigenvectors of the matrix A.

(b) (6 points) Is the matrix A diagonalizable? If yes, find a matrix P which satisfies PPAP = D. Here, P?
is a transpose of P and D is a diagonal matrix.

(c) (4 points) Obtain the solutions for z(t), y(t), and z(t) taking initial conditions (z,y, 2)}i=0 = (1,1,1).

(d) (4 points) Obtain the solutions for z(t), y(t), and z(t) taking initial conditions (z,v, 2)ji=0 = (~2,1,1).
What are the solutions at t — oo?
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