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1. (5%} Letx,y € N be two natural numbers, For n € N, let E, be the set of pairs of natural numbers (x¥)
where n divides both x and y. What is the probablhty P[E,] that any randomly chosen natural number
isin E,?

(A)1/n.

(B} 1/n2

{Q) 1/nl

(D) 1/log n.

(E) None of the above.

2. (5%) (Continued from 1.) Given two randomly chosen natural numbers X, ¥ EN, denote Q as the
probability that x and y are relatively prime (i.e. no common positive divisors except 1). Which of the
following range does Q lie in?

(A) [0.0,0.3).
(B) {0.3,0.5).
{C) [0.5,0.7).
- (D) [0.7,0.9).
(E) [0.9,1.0].

3. (5%) Consider an experiment of repeated throwing a fair die, Starting from the first throw, if the die
comes up as 6, then the experiment ends (duration of the experiment=0). If, on the other hand, the die
comes up as k, V1 < k < 5, then the next throw should wait for k minutes to start. Let T be the
expected duration of the experiment rounded to the nearest integer (minutes). What is the sum of all
digits in T? (For example, if T = 21, then the sum is 3)

(A) 3.

(B} 6.

@o.

(D} 10.

(E) None of the above.

4. (5%) Five people get on an elevator on the first floor of an 11-story building. Assume that each
person selects a destination floor frem 10 possible floors (ie. from 2 to 11) uniformly at random and

LH &




Ak 423 HaxfB R 102 2EERATIHEELERRM

F8 28K i 493

independently of others. Also, assume that no new people get on the elevator above the first floor, Let
S be the expected number of stops this elevator makes above the first floor, and Z be the sum of al]
digits (including all decimal places} in S. Then which of the following statements is true?

(A} 15<Z<19.

{B) 19<Zs22.

(C) 22<Z<24.

(D) 24<Z<25.

(E) None of the above.

5. (5%) Assume that the number of typhoons in a given year follows the Poisson distribution with a
mean value of 3, and that the occurrence of typhoons in any given year is independent of that in any
other years. It can be derived that the probability of having atieast 3 typhoons in the 2-year period
from 2011 to 2012 can be written as A+B*eCwith 4, B, C being constant numbers. What is the value of
A+B+C?

{A) 15,

(B) -20.

(C) 35.

(D)-30.

(E) None of the above.

6. {5%) LetX be the amount of a claim (in 10 thousands) made by a home damaged by the typhoon.
Assume that X has the following probability density distribution:

_[3x7% x>1,
S @) "{ 0, otherwise.

Suppose 3 such claims are made during a typhoon attack and claim amounts for individual homes are
independent of each other. Let Y be largest of the three claims (in 10 thousands), Then which of the
following statements is true?

{A) The probability that Y is smaller than 1is 0.2.

(B) The probability that Y is smaller than 2 is larger than 0.5.

(C) The probability that Y is smaller than 2 is smaller than 0.6.

(D) The probability that Y is sialler than 3 is larger than 0.9.

{E) None of the above.

" 7. (5%) (Continued from 6.) Which of the following number is closest to the expected value E[Y] of ¥?
(4) 1.8.
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(B) 2.5.
(C} 3.2.
(D} 4.1.

(E} 5.4.

(5%) Let the moment of a discrete random variable X be given by E[X] = 0.8, ¥k =1,2,... Let R = P[X=
0] be the probability that X equals 0. Then which of the following statements is true?

(A) 0=R<0D.2.

(B) 0.2«<R<0.4. .

{C) 0.4<R<0.6.

(D} 0.6<R<0.8.

() R>08.

(5%) X is a three-dimensional Gaussian random vector with expected value m=[4 8 6]and
4 =21
Cx ={-2 & ——-2}

i -2 4
Let D be the maximum number in the correlation matrix Ry. Then which of the following statements is

covariance matrix

true?

- (A) 20=D<30.

10.

{B) 30sD<40.
{C) 40<D<50.
(D} 50=D=<60.
{E) None of the above,

(5%) (Continued from 9.) Let random vector Y = AX + b, where

A= [1 1/2 2 /3]

1 =172 2/3

andb=]-4 -4 Let Cybe the covariance matrix of Y. Then which of the following statements is
true?
{A) Cyis a 3x3 matrix.
{B) The largest number in Cyis smaller than 12.
(C] The smallest number in Cyis larger than 5.
(D) The sum of all numbers in Cyis larger than 30.
(E} None of the above,
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Consider one specially designed circuit with one capacitor, one inductor; and four resisters.
The output voltage of the éapacitor is denoted as x{t) and the output current of the
inductor is denoted as y(t]. Assume that initially x{0)=0 and y(0)=0 and these two devices
might interact with each other by the following behavrior. For the capacitor, the changing
rate of x{t} is declined at a rate of -ax(t}, and simultﬁneously increased at a rate of by(t),
and also positively depends on the independent current source g(t)=3t. Similarly, for the
‘inductor, the changing rate of y(t) ,clgcli_nes at a rate of ~¢y(t), and simultaneously increases
ata Il'atelo-f-'c_k( t),énd also p‘osit‘ively depends on another indepeﬁdent voltage source
h{t)=e". ﬁote that these constants, g, b, ¢, d, depend on the capacitance of the capacitor,
the inductance of fhe inductor, and the resistance of these resistors. Please answer the
following questions: | |
(a)Formulate the cicruit by a set of first-order differential equations in terms of x(t) and
Y00 (5%) |
(b) Formulate the cicruit By one second-order differential equation in terms of y(¢). {10%)
{c)Let a=3, b=1, c=4, d=2. Use variation of parameters to solve the set of first-order
differential equations in (a). That is, find the solution for x(t) and y(t). (15%)
(d) Leta=3, b=1, c=4, d=2. Use the Lapace transform approach to solve the second-order

differential equation in (b). That is, find the solution for y(t). (20%]
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