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1. (5%)The solution f(t) to the differential equation ¢f”-(1+2)f=—2*-2¢ can be expressed as the linear

combination of the following two terms: ¢ and | (A} | (Al) = 7 (5 points)
2. W LL)=— :a4 with a>0,then f()=[(A2)] 7 (5 points)
5

3. (5%)The solution to the initial value problem f'—3f'+2f=dr+¢¥, f (0)=—7(0)=1 can be written as

fle)=[(A3)} 9 (5 points)

4. (10%)A partial differential equation of the form V° £(F)= h(7) is called the Poisson's equation, where f(7) is
the unknown "potential" function to be determined and A(7) is a known "source” function (all in the spherical
coordinate system). The most common boundary condition applied to this equation is that F(F) is zero as

|F| = . Provided that g(F)= 47§H is the solution to the equation V’g(F)=&(F), then the solution to the
F

equation V’G(F)=&(F~7) can be expressed as G(¥)= A4) | Besides, since Poisson's equation is linear in
q (]

both the potential and the source terms, the solution to its most general form V2 f (?)=h(F) could be written as

fA)={ %] ? (3 points). ? (7 points)
5. (10%)The solution of the Bessel’s function of first kind with order 1/2 is expressed as

2

rewritten as fy/,(x) = | (A6} [sinx. (A6) =? (10 points)

L 1k 2k 1
Ji2(0) = G)z E'?ﬂ;l%"(;i_k)(f) , where FG+ k) = fnmt?ke"tdt and T (—;—) =+/m. The solution can be
v

6. (5%)The solution of the Bernoulli’s equation y' — f’; ysinx = %x‘yz, ¥(0) = 1, y(x), has a singular point at

x =| (A7) |(Hint: find y(x) wheny>>1) (A7) | =? (5 points)
7. (10%)The solution of the diffusion equation Dy"—vy'~ay = M&(x) is expressed as y(x) = x e,
when x > 0. (A8) | =7 (5 points) =7 (5 points)
8. (20%) Given two 3 x 3 matrices 4 and B, assume they can be diagonalized by the same invertible matrix P such
32 0 A 0 0
that M; = P AP and My = P"'BP are diagonal matrices. Let A=|1 3 -3 M=10 1, 0| with
1 4 -4 0 0 4
1 0 0
AhzhzA,and My=10 -1 0 | LetM=(Al0) | P (All)] det(B) < (A12) | 4B~ BA
‘ 0 0 -2
{A10) & 7 (5 points) (Al =7(5 points) {A12) = ? (5 points) (A13) =7 (5 points)
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9. (5%) Let u and v be two vectors with norms ju]| = 4 and ||v]] = 7, respectively, in some inner product space. Let

(2u+v,2u-v) = (A14) |- 7 (5 points)

10. (25%) The field Z, consists of two elements Oandl with the operations of addition(+) and multiplication{e )
defined by the following equations.

0+0=0, 0+1=1+0=1, 1+1=0;

0e0=0, 0Oel=]e0=0, 1e]l=1,

Y
Let ¥ be the 3-tuple vector space of (Z,)°,i.e.if ve ¥ then v=|v, | inwhich vieZ, for i=123,
V3
tl] tl2 t13
Letd bethe 3 by 3 matrices defined on Z,,ie.if Te Mthen T=|s, 1y 1, in whicht, € Z, for
t!l t32 t33

i=123 and j=123
(2) The zero vectorin ¥ is | (Al5) | (A13) =7 (2 points)

1
(b) Let ve ¥V and v=|0],its additive inverse is | (A16) | {A16) F? (3 points)

i

I 01
(c) Let Te MandT =1 1 0| and T7'= | (A17) | (A17) 7 (5 poiats)

0 01

01 1
(dy LetUe MandU=[1 0 1 |thecigenvalue set of U is (Al8) |; the associated eigenvector setis { (A19) |

110

(A18) =7 (5 points) (A19) 7 (5 points)
a a
(e) Iet L be the linear transformation from ¥to V,and L||b)|=| a+&
‘ c|} |a+b+c

1 1

1
Assume B=410|,[1[,| 1|} isthebasisof V.Let [L] 5 (A20) be the matrix representation of L with
ojl0f]1

respectiveto B. {A20) [=? (5 points)
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