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1.(50%) Let us consider the following linear éystem of ordina.ry differential equations
(ODEs):

d | =z z
@t =A |7 |, (0)==z, y(0)=w, @
Y ¥ |
where -
A= 11 412 (2)
| g1 42z

is a constant matrix and (zg, o) # (0,0).

(a)(9%) Write the determinant ¢ = det(A), and under the values of ¢ discuss the mull
space (kernel space) and column space and write the inverse matrix A1,

(b){6%) Let &) = (@11, 012), a2 = (az, a22) with a; -ay 0. Make a pair of orthonormal
vectors u and v by using the Gram-Schmidt process. ‘

(¢)(7%) Derive the eigenvalues of A in Eq. (2) in terms of p = tr(A) and g = det(A).
Under what condition the eigenvalues are real?

(d)(6%) What is the equilibrium point of Eq. (1), and under what conditions about p
and g the equilibrium point is unstable, neutral stable and stable?

(e)(6%) For Eq. (1) with a;3 =0, a1p =1, ag = —k/m and @92 = ~c/m as a mechan-
ical free vibration system with mass m > 0, spring constant k& and damping constant
¢, when the system is over-damped, critically-damped and under-damped.

(£)(6%) In terms of k, c and D = ¢* — 4mbk, write the conditions for (i) saddle point,
(ii) unsteble node, and (iii) stable focus.

(£)(10%) In order to keep the length z%(¢) + y*(t) invariant, the matrix A in Eqs. (1)
and (2) must sabisfy what condition? For this case derive the solutions of z(t) and y(z)
in terms of initial conditions (20, %) and prove z2(t) + y%(t) = 22 + 42,

2.(20%) Consider the following Sturm-Liouville boundary value problem:
¥ (@) +Xy(z) =N +¢, O<z<l,
y(O) =0, y'((}) =0, y(l) o 51 y’(l) =0,

where ¢y # 0 and ¢ # 0 are unknown constants. (a){15%) Derive the general solution -

and determine the eigenvalues A and eigenfunctions y(z). (b)(5%) Write the relation
between ¢y, § and A.
8.(156%) Consider the following partial differential equation (PDE):
(2, t) = Up{z,t), —w <z <M, £>0,
u(—m,t) = u(m,t) =0, u(z,0)= f(z) ==z + 2%
By using the separation of variable and Fourier series expansion method derive the
solution of the above PDE.
4.(15%) Consider the following PDE:
Uge (2, 8) = Ugp(2, 1) + cos{wt), 0<z <00, t>0
u(2,0) = w(z,0) =0, u(0,8)=0, uz(z,t) =0, asz - oo,

where w is a constant. By using the Laplace transform method derive the solution of
the above PDE.
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