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Problem 1. [Mechanics: 35 points]
There are two atoms A and B, one with the position x4 and mass m4, and the other with the position
xp and mass mg.

(a) [5 points] There is an electrostatic force Fp, exerted by atom A on atom B, and a force Fup
exerted by atom B on atom A. According to Newton’s third law, Fp4 = —F 4p. If we define the relative
displacement x = x4 — X, the relative motion can be described by the equation of motion:

2
Fap = #%7
where 1 is called “reduced mass”, Prove
mA Mg
a ma+mg

(b) [5 points] The potential energy between the two atoms A and B can be approximated as the Lennard-

Jones potential
sr=<](2)"-2(2)]

where ¢ and o are constants. Calculate the distance zo wherein the potential energy U{zp) is the mini-
mum of U{z). zq is the bond length of the molecule AB. '

(e) [10 points] Around the minimum of U(z), the potential energy is approximately a parabolic curve.
Do Taylor’s expansion of U{z) around = = x4 to the second order.

(d) [5 points] The force can be derived from the potential energy by Fag = ﬁ%g. Using the Taylor’s
expangsion obtained in the previous problem, calculate the approximate force around the minimum. The
foree you obtain should look like the Hooke’s law /' = —kz. What is the £? (expressed you answer
with those given physical quantities x4,ma, X5, Mg, €, )

(e) [10 points] The two atoms are bound with approximately a Lennard-Jones potential, with a bond
length zy. The Lennard-Jones force is like a spring with a elastic constant k. Therefore, the system is
2 balls coupled with a spring. Using the £ you obtain in the previous problem, calculate the vibration
(relative motion) angular frequency w of the molecule AB (expressed you answer with those given
physical quantities x4, m 4, X5, Mz, €, 0).

Problem 2. [Electromagnetism: 35 points]
The electric field at a distance 2 from a point charge () is:

1 Q.

= “z
471'60 227

where 2 is the unit vector along the vector 2. The electric potential is:
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Consider the following questions in the vacuum, and use the units in the above formula.

(a) [10 points] Find the electric field inside a solid sphere of radius R that carries a uniform volume
charge density p. Express your answer in terms of the total charge of the sphere, g.

(b) [5 points] Anatom can be approximately thought as a point nucleus (+g) surrounded by a uniformly
charged solid spherical cloud (—q) of radius R. If there is an externa) electric field FEox = Eoy 2, the
nucleus would move in the +& direction while the electron sphere would move in the opposite direction.
If the distance between the nucleus and the center of the electron sphere is d, calculate the electric field
Eejeeron €xerted by the electron sphere to the nucleus.

(¢) [10 points] Following the previous problem, there are (1) the external field E.y, and (2) the electric

field Eqtectron €xerted by the electron sphete, onto the neucleus. Ifthe two electric fields cancel each other,
E.yt = —Eelectron, then the atom system reaches equilibrium. Caleulate the distance d at equilibrium.

(d) [10 points] An electric dipole is composed of a charge -~¢ at d/2, and a charge —q at —d/2. The
dipole moment p is defined as p = ¢d. If there is a uniform external electric field Koy, prove that the

torque
N= P X Eext-

Problem 3. [Thermodynamics: 15 points]

A. gas consisting of n moles of a monoatomic gas goes through the cycle shown in the Figure 1, wherein
the pressure is constant for A — B, the volume is constant for B — C, and the temperature is constant
forC — A.

Figure 1
Calculate the heat transfer Q (Q =AU+ W) for (2) A~ B, (1) B — C, and (¢) C — A,

Problem 4. [Waves/Optics/Modern physies: 15 points]

If a propagating wave along the z direction has the form f (=, %) = Ae!*® “#19) where x is the position,
t is the time, A is a constant amplitude and ¢ is a constant phase.

(a) [S points] Calculate f(z, % + I'), what is the difference between f(z, %, -+ T} and f(z, £,)?

(b) [5 points] The wave is a periodic function of the time, so f(z, %) = f(z,t; + T) for arbitrary g
(where 1" is the period). Use this relation, express the period T with A, k, w, and ¢.

(¢) IS points] (i) Caleulate [f*(x) - f(z)]. (* denotes the complex conjugate) (ii) Calculate %. (iii)
Calculate fo/\ fla, t)dz, where X is the wave length.
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