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1. [20%] Let

1 4 4 4 25
A=|-1 -4 -4 =3 -=-20].
—4 --16 =16 —-11 75
Find a basis for each of the row space Row(A), the column space Col(A) and the kernel
ker(A) of A. What are their dimensions?

2. [20%] Let E;; be the 2 x 2 matrix whose 4, j-entry is 1 while other entries are 0. Let
R2%2% he the space of all 2 X 2 real matrices and 8 = {F11, Fi2, B2, Fys} its bagis.
Define a linear function f: R¥*? = R?*2 by X — JXJ, where J is the 2 x 2 all-ones
matrix. Find the matrix representation | f}g of f with respect to the bases 4 and 3.
Then use it to find a basis of the kernel ker(f) of f.

3. [20%)] For p,g > 1, let
Apg = [Op,p Jp,q} ,

Jop  Ogyq
where Oy, and Jy, » are the m x n zero matrix and all-ones matrix, respectively. Find
det(A,q — zI).

4. [20%)] Let = = z(t) and y = y(t) be functions from R to R. Solve the system of
differential equations

=2z +v,
y=z+2y.

Here & = %2 and g = 3¢ are the derivatives.

5. [20%] Let (-,-) be an inner product defined on R™. Show that there is a basis § of R"
such that
(X:Y) = [Y]E[X]ﬁ

for any x,y € R", where [v]s is the vector representation of v € R with respect to 5.
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