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1. (7 points) Solve the recurrence relation a’,,+2— 44,41+ 3a,= - 200 for n>20and ag=
3000 and a,=3300.

2. (10 points) Please list the first 5 coefficients of the generating function
F(x) =V1+x. GHLEREEIEITE)

3. (15 points) If G(x) is the generating function for the sequence {a;}, what is the
generating function for each of these sequences?
(A) (5 points) 3ay, 3a1,3a2,>3a3,
(B) (5points) 0,0,0,0,a,,as, ...
(C) (5 points) ay, 2a,,3as,4ay, ...

4. (13 points) Design a finite state machine M = (S, ¢, 0, v, ), where
S = {s4,52, 83,54}, ¢ ={0,1,2}, o ={0, 1}. The machine outputs 1 if theinput
string contains at least three 1s, otherwise it outputs 0. GFIERSEIEEHNANE)
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5. (5 points) Consider the trees with vertices {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} that have
corresponding degrees (1, 3, 1, 3, 2,1, 1, 3, 1, 3). How many different spanning

trees are there in total?
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6. (10%) Let a vector x = (xy, %5, X3, %) € R*. It has 24 rearrangements like (x;,x,,x3,%,) and
(%4 X3, X1, X,). Those 24 vectors span a subspace S. Find specific vectors x so that the dimension of

S is three.

7. (10%)let G, G, and G, be the determinants of the matrices in the following form:
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Calculate the value of G,

8. (10%) Let A and B as two matrices. If B is invertible, prove that AB has the same eigenvalues
as BA. ’

9. (10%) Consider the points P(3, — 1,4) and 0(6,0,2), and R(5,1,1). Find the point § in R? whose

—r —
first component is -1 and such that PQ is parallel to RS.

10. True or False

(a) (2%) Every positive definite matrix is invertible.

(b) (2%) The determinant of A — B equals det A — det B.

(c) (2%) If u is orthogonal to every vector of a subspace W, then u =0.

(d) (2%) If A issquareand Ax = b isinconsistent for some vector b, then the nullity of A is zero.
(e) (2%) If there is a basis for R™ consisting of eigenvectors of an n X n matrix A, then A is

diagonalizable.




