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Show all your work to earn the credits.

1. (10 points) Let V be a vector space over a field F and let vy, v,,v3 € V such that v; # 0,

v, € span({v,}) and v3 ¢ span({vi,v;}). Show that v|, v, and v; are linearly independent.

2. Given the linear system:
G+2Dx+2ky—z=1
-x+2y=kz=k
y+z=k
(a) (10 points) Find the value of k such that the system has infinitely many solutions.

(b) (10 points) Find the form of the solutions for the system with the value of k found in (a).

3. Let P; be the vector space over the real field R which centains all polynohﬁals of degree less

than or equal to 3 with real coefficients. Let
W= {p(x) € P5: p/(~1) = 0'and p’(1) = 0}
where p’(x) and p"(x) denote the first- and second-order derivatives of p(x), respectively.

(a) (10 points) Show that W is a subspace of Ps.

(b) (10 points) Find a basis for W.
4. A matﬁx M is said to be skew-symmetric if
MT = -M,
where M7 is the transpose of M.

(a) (10 points) Show that the determinant of an n X n skew-symmetric matrix is zero if n is

odd.

(b) (10 points) Show that each eigenvalue of the real skew-symmetric matrix M is either 0 or

a purely imaginary number.

# # |77 VBENBBLE AT e
=\ SRR -




BigeRE 113 258 HAIHEBRILABRIEE BAFRRSE

2R %27
4 WA B ARAHR % AT B REA S A FHREM 2A58(-) % w

5. Let
3 3 2
A=10 1 0
2 -2 3
(a) (10 points) Compute the eigenvalues and the eigenvectors of A over the field R.
(b) (5 points) Prove or disprove that A is diagonalizable over R.

(c) (5 points) Prove or disprove that A1s diagonalizable over Zs, where Zs is the finite field of

5 elements in which the addition and multiplication are the same in integers except taking

modulo 5.
6. (10 points) Let A be a matrix such that there-are exactly two vectors
(1,2,DT and (1, KO

as the eigenvectors associated with the eigenvalue 7. Assume that the trace of A is 2. Find the

determiniant of A.
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