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In this exam, R™ is equipped with the Euclidean norm || - ||.

(1) (20 points) Let (M,d) be a metric space satisfying the property': for each
x € M, there exists an open neighborhood U of z such that U is path connected.
Prove that if M is connected, then M is path connected.

(2) (15 points) Let {a,} be a sequence of real numbers with |a,| < 1. Suppose
that 1

|ant2 = Gnia| < g]ai_{_l - a?zla n 21

Prove that {a,} is convergent in R.

(3) (15 points) Prove or disprove that }_jsin2 (Q%) cos(nz) converges uniformly

n=1
on [—, 7).

(4) (20 points) Let 7' : R™ — R™ be a linear transformation.
(a) (10 points) Prove that there exists M > 0 so that ||T'(z)|| < M||z|| for any
z € R"™.
(b) (10 points) Define
|7l = sup || T(z)],
zesn—1
where S™1 = {z € R : ||z|| = 1}. Prove that there exists 5 € S so
that ||| = | T(zo)ll- _
(5) (20 points) Let B = {z € R™: ||z|| < 1}. Define a function
:B R, f(z) = ———.
f @)= ——= B
(a) (10 points) Show that f is differentiable at every point of B. Compute the
matrix representation of the derivative Df(z) of f at each point z of B
relative to the standard basis for R™.
(b) (10 points) Let Js(z) = det Df(z) be the Jacobian of f at z. Prove that
Ji(z) # 0 forall z € B.
(6) (10 points) Let S be the surface defined by

z=+/2?4+9y? 1<2<3.

1
Evaluate the surface integral / / ;do—.
, S .

1Such 2 metric space is said to be locally path connected.
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