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1. (12 points) Let K be a compact set on a metric space (M, dps). Show that every closed

subset of K is compact.
2. (12 points)

(a) (6 points) Suppose f : R™ — R™ is a continuous function and the set A € R™ is
bounded. Show that f(A) is bounded.

(b) (6 points) Let (M,das) and (N, dy) be metric spaces. Suppose f: M — N is a

continuous function and A C M is bounded. Is f(A) bounded? Justify your answer.

° 1
3. (14 points) Consider the function f,(z) = Z o sin(mz) for z € R.
m=1
(a) (f'points) Is the function f(z) := lim fn(z) continuous? Justify your answer.
n—o00

27

(b) (L points) Find the value of f(t) dt.
0

4. (12 points) Using the fact
w 27 . (n—1)7 n

sin — sin — - - - sin = 5
n n n on—

™
to evaluate the improper integral / log(sin z) dz.
0
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(18 points) Let ¢ be a continuous function defined on the unit circle {(z,y) € R* | 2% + y? =1}
such that ¢(1.0) = ©(0.1) = 0 and p(—z, —y) = —p(z,y). Define f: R? — R by
2 2. = y i
o (i k) @97 0.0,
0 if (z,y) = (0,0).

a) (10 points) If (z,y) € R? is arbitrarily fixed, define g(¢t) = f(tz,ty) for t € R. Is
A g

flz,y) =

differentiable? Justify your answer.

(b) (8 points) Find a necessary and sufficient condition so that the f defined above is

differentiable at (0,0). Justify your answer.
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6. (12 points) Let F: R* — R. Suppose that all ga% are continuous and that the equation
F(zq,z2,...,Z,) = 0 can be solved for z; as a function of remaining (n — 1)-variables,
here j = 1,2,...,n. Compute

Oz, » oz, y 0z, . x OTn_1
(93)1 6.Z'2 85173 8xn '

Justify your computation.

2 cos"
7. (10 points) Compute / —— dz for all positive integer n.
g cos"z-+sin"x

8. (10 points) Let F = (P,Q,R) : R® — R3 be a smooth vector field, and let " be a

compact simple closed loop in R3. Prove or disprove that the surface integral

//F-WEdA
x

is independent of orientable ¥ but only on I, if
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Here 7 s is the unit normal of ¥ and the boundary of ¥ is I.




