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Please show all your work.

1.

(10%) Let 7 and W be finite-dimensional vector spaces and 7:¥ — W be an
isomorphism. Let ¥, be a subspace of ¥ . Prove that the image of ¥, under T,
denoted as T'(¥,), is a subspace of W and dim(¥,) = dim(T'(¥,)).

(20%) Let T e a linear operatoron a finite-dimensional vector space ¥ , and let
W be a T -invariant subspace of ¥ . Suppose that v,,v,,...v, are eigenvectors
of T corresponding to distinct eigenvalues. Prove that if v, +v, +---+v, isin W,
then v, e W forall 7.

(20%) Let /7 be a linear operator onan x-dimensional vectorspace ¥ such that
T has n distinet eigenvalues. Prove that % isa 7T'-cyclic subspace of itself.

(15% for each sub-problem) Let 7 be a finite-dimensional inner product space

over the complex field @ with inner product <0,0>. A linear operator U on V

is called a partial isometry. if there exists a subspace W of V such that

[U@)|=|x| forall xew and UGY=0 forall xeW* where lo| denotes

the norm induced by the inner product and the set W' denotes the orthogonal

complement of . Suppose-that U is such an-operator and {vl,vz,...vk} is an
orthonormal basis for W . Prove that (a) <U *).U(y)= (x, y) forall x,yew.

®) {UM)U®,),...U(,)} is an orthonormal basis for R(U), the range of U .
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5. (20%) Let M, ,(R) denote the set of all mxn matrices with real entries.
Suppose that 4e M, ,(R) and Be M, (R) with m <n.Show that B4 has
the same eigenvalues as 4B (including the corresponding multiplicities), together
with an additional n—m eigenvalues equal to 0. (That is, p,, () =t""p ()
where p,, (1) and p,,(¢) denote the characteristic polynomials of B4 and
AB , respectively).
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