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1. Solve the following ODEs.
(a) 2xtanydx + sec*ydy = 0 (5%)
(b) 23y + xy' —y=x> (5%)

2. Given an Initial Value Problem of a system of ODEs:
yi=y1+4y, — t? +6t, y:.(0) = 2.
vi=y+y,— tP+t-1, 3,(0)=-1
The system can be represented as a vector equationy' = Ay + g.
(a) Find eigenvalues and eigenvectors of A. (5%)
(b) General solution for the homogeneous part. (5%)
(c) Particular solution for the non-homogeneous part. (5%0)
(d) Determine the stability and the type of critical point for the homogeneous part. (5%)

3. Givenan ODE: (1 —x%)y" —2xy'+2y =0

(a) Find the series solution of the given ODE. (10%)

(b) Find the arbitrary coefficients in the series solution. (5%)

(¢c) Find the two solutions of the series solution respectively. (5%)

4. Using the Laplace transform and showing the details, find the current i() in the circuit in Figure

1, assuming zero initial current and charge on the capacitor and:
L=1H, C=107F, v=-9900 cos t V if 7 <t < 3w and 0 otherwise. (15%)

Note: Li'(f)+ %t) = (1)
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Figure 1.

5. By the principles used in modeling the string it can be shown that small free vertical vibrations of a
uniform elastic beam (Figure 2.) are modeled by the fourth-order PDE (equation (1))

d%u 5 8%u
P _C i L
oit? dx*

(1)

where ¢ = El/pA (E= Young’s modulus of elasticity, /= moment of inertia of the cross section with
respect to the y-axis in the figure, p = density, A4 = cross-sectional area). Find solutions u, = Fy,(x)G(t) of]
equation (1) corresponding to zero initial velocity and satisfying the boundary conditions for simply
supported beam in Figure 3. (u(0,t) = 0, u(L,t) = 0, u, (0,8) = 0,u,, (L, t) = 0). (20%)
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Figure 3.

6. Verify this for A and A = P' AP. Ify is an eigenvector of P, show that x = Py are eigenvectors of A.
Show the details of your work. (15%)
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