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* When f is a polynomial, the notation f’ stands for its derivative.

1. [20%] Let P, be the vector space of all polynomials of degree at most 2 with real
coefficients. Define the function f : Py — Py by f(p) = p — zp’ + p”. Find a basis of

range(f).

2. [20%] Let M, 4 be the vector space of all 2 x 4 real matrices and O the 2 x 4 zero
matrix. Let
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Show that ‘
V:{XEMQAAX*XB:O}

is a vector space and find a basis of V.

3. [20%)] Let
z 1 1 1 T
1 2 4 8 16
A, =11 3 9 27 81
1 4 16 64 256
1 5 25 125 625
and f(z) = det(A;). Find f/(0).
4. [20%] Let A be an n x n complex matrix with distinct eigenvalues Ay, ..., A,. For each

¢ =1,...,q, the eigenspaces of \; is E), = ker(4A — \;I). Show that {E),,...,E)} is
linearly independent.

5. [20%] Show that every n X n complex matrix A has a decomposition A = QTQ*
such that @ is a unitary matrix and 7" is an upper-triangular matrix, where Q* is the
conjugate transpose of Q.
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