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1. (15%) Please determine whether the following statements are TRUE or FALSE. No explanations
are needed.

(a) (3%) Suppose Ax = b is a consistent system and v; and v, are two solutions, where A is an
m X n matrix. Then v = v; — v, must be a solution for the homogeneous equation Ax = 0.
(b) (3%) Let A and B be m x n matrices. If Ax = Bx for all x € R™, then A and B are equal.

(¢) (3%) Let A be an n x n matrix. If A is invertible, then any subset of R™ formed by the columns
vectors of A is linearly independent.

(d) 3%) Let S = {a;,ay,---ax} be a subset of R™ and T : R™ — R™ be a linear transfor-
mation. When {T'(a;),T'(az),--- ,T(ax)} is linear independent, S is not necessarily linearly

independent.
(e) (3%) Let A be an m x n matrix. If the number of pivot numbers of A is less than m, then
Ax = b has more than one solution.

2. (10%) Let Wy, W, - - - , W,, be subspaces of R"™ such that W, is a subset of ﬂj’:l W]-'-, where W]J-
is the orthogonal complement of W, fori = 1,2,--- ,m — 1. Suppose the orthogonal projection
matrix for W is F;. Determine the orthogonal projection matrix for V ={v € R" : v =v; + v, +

-+« + v, where v; € W;}.
3. (a) (8%) Find the eignevalues and eigenvectors for
31
a=[3 2]
(b) (3%) How can you tell whether a matrix is invertible from its eigenvalues?

(¢) (3%) How can you tell whether two matrices are similar from their eigenvalues?

4. (a) (8%) For the following matrix, find the bases for its row space and nullspace.

2
3
1

W o =
1SN,
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(b) (3%) In R3, is Ty plane orthogonal to 2z plane ? Explain it.
5. (10%) Find the solutions y(z) to the following initial value problems

(@) (5%) )
2%y (@) - 20y(z) = 3¥(@), y() =5
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(b) (5%)
zy'(z) —y(z) = z%°, y(0)=0.

6. (10%) Consider the following second order ordinary differential equation:
zy"(z) — (z + 2)y/(z) + 2y(z) = 0.
Determine the solution y(z) satisfying the conditions y”(0) = 1 and y"(0) = 0.

7. (15%) For the following initial value problem

[o o]

Y& +y(t) = f(t) = Y ult—n), y(0)=1, ¥(0)=0, o))

n=0
where u(t) is the unit-step function,

(a) (5%) Find the Laplace transform of f(t) and determine its region of convergence.

(b) (10%) Solve the above ordinary differential equation (1) for y(¢).

8. (15%) Let x(t) be a length-3 vector of functions in ¢ that satisfies the following system of linear
differential equations:

111 1 0
x’(t)z[O23Jx(t)+[—1Je4t, x(l):{O:’.
005 2 0

Find the solution x(t).




