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請附上解題過程，僅寫答案者，該題不予計分。 

 

1. (6%) Please describe the law of large numbers and the central limit theorem. 

2. Given 𝑛 independent and identically distributed random variables 𝑋𝑖, where 𝑖 =

1,2, . . . , 𝑛, the expected value and variance of each 𝑋𝑖 are 𝜇 and 𝜎2, respectively. Please 

answer the following questions: 

a. (6%) Show that 𝑋‾ =
1

𝑛
∑ 𝑋𝑖
𝑛
𝑖=1  is an unbiased estimator of 𝜇. 

b. (6%) Show that 𝑆‾ =
1

𝑛−1
∑ (𝑋𝑖 − 𝑋‾)2𝑛
𝑖=1  is an unbiased estimator of 𝜎. 

3. Let 𝑥1, 𝑥2, ..., 𝑥𝑛 be 𝑛 samples of a random variable 𝑋, where 𝑛 is sufficiently large. 

𝜇𝑛 and 𝜎𝑛
2 denote the mean and the variance of the 𝑛 samples, respectively. Suppose 

that the expected value of 𝑋, denoted as 𝜇, is to be estimated. Please answer the 

following questions: 

a. (3%) Please explain the concept of confidence interval. 

b. (8%) Please show that the 95% confidence interval is 

[𝜇𝑛 −
1.96𝜎𝑛

√𝑛
, 𝜇𝑛 +

1.96𝜎𝑛

√𝑛
]. 

(Hint: Using the central limit theorem to approach the distribution of 𝜇‾ − 𝜇) 

4. Let 𝑋 be a random variable as well as 𝑥1, 𝑥2, .... and 𝑥100 be 100 samples of 𝑋. The 

sample mean and sample standard deviation are 0.1 and 0.4, respectively. Using a 

significant level of 𝛼 = 1%, please answer the following questions: 

a. (8%) Can we conclude that the expectation of 𝑋 is higher than 0? 

b. (8%) If 𝑋 is normally distributed and the expectation of 𝑋 is known, can we 

conclude that the standard deviation of 𝑋 is lower than 0.5? 

5. (8%) Let 𝑋 follow a Poisson distribution and 𝜆 represent the average number of 

occurrences of an event per unit time. If 𝑘𝑖  denotes the observed number of occurrences 
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of the event during the 𝑖𝑡ℎ unit time, please show that the maximum likelihood estimate 

of 𝜆 is: 

1

𝑛
∑𝑘𝑖

𝑛

𝑖=1

. 

(Hint: Using ℙ(𝑋 = 𝑘) =
𝑒−𝜆𝜆𝑘

𝑘!
 and maximising ℙ(𝑋 = 𝑘1, 𝑋 = 𝑘2, . . . , 𝑋 = 𝑘𝑛)) 

6. Let 𝑋 be a continuous random variable defined on (0,∞). The probability density 

function is 𝑓(𝑥) and the cumulative distribution function is: 

𝐹(𝑥) = ∫ 𝑓
𝑥

0

(𝑦)𝑑𝑦. 

Please answer the following questions: 

a. (3%) How is 𝐹′(𝑥) expressed in terms of 𝑓(𝑥)? 

b. (5%) Let 𝑌 = 𝑋2. Please show that the probability density function of 𝑌 is 

𝑔(𝑥) =
1

2√𝑥
𝑓(√𝑥). 

7. (8%) Given three independent random variables 𝑋1, 𝑋2 and 𝑋3, where each 𝑋𝑖 is 

normally distributed with a mean of 0 and a variance of 1. Please show that the 

probability density function of 𝑌 = max{𝑋1, 𝑋2, 𝑋3} is 

𝑓(𝑥) =
3

√2𝜋
𝑒−

𝑥2

2 (∫
1

√2𝜋

𝑥

−∞

𝑒−
𝑦2

2 𝑑𝑦)

2

. 

(Hint: ℙ(𝑌 ≤ 𝑥) = ℙ(𝑋1 ≤ 𝑥, 𝑋2 ≤ 𝑥, 𝑋3 ≤ 𝑥)) 

8. Let 𝑊𝑡, where 𝑡 ≥ 0, be a stochastic process which satisfies the following conditions: 

(1). 𝑊0 = 0. 

(2). Given 0 ≤ 𝑖 < 𝑗, 𝑊𝑗 −𝑊𝑖 is normally distributed with a mean of 0 and a 

variance of 𝑗 − 𝑖. 

(3). Given 0 ≤ 𝑖 < 𝑗 < 𝑘, 𝑊𝑘 −𝑊𝑗  and 𝑊𝑗 −𝑊𝑖 are independent. 
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Please answer the following questions: 

a. (8%) Given 0 ≤ 𝑖 < 𝑗 < 𝑘, please derive the expectation of  

(𝑊𝑘 −𝑊𝑖)(𝑊𝑗 −𝑊𝑖). 

(Hint: 𝑊𝑘 −𝑊𝑖 = (𝑊𝑘 −𝑊𝑗) + (𝑊𝑗 −𝑊𝑖)) 

b. (8%) Please show that, for 0 ≤ 𝑖 < 𝑗, the covariance of 𝑊𝑖 and 𝑊𝑗  is 

𝐶𝑜𝑣(𝑊𝑖,𝑊𝑗) = 𝑖. 

(Hint: 𝑊𝑗 = (𝑊𝑗 −𝑊𝑖) +𝑊𝑖) 

c. (15%) Let 𝐾 > 0 and define 𝑓(𝑥) as 

𝑓(𝑥) = {
1 , if 𝑥 > 𝐾
0 , if 𝑥 ≤ 𝐾

. 

Given 𝑆𝑡 = 𝑒𝑎𝑡+𝑏𝑊𝑡 , where 𝑎 and 𝑏 are constant, please show that the 

expectation of 𝑓(𝑆𝑡) is given by 

∫
1

√2𝜋

−ln𝐾+𝑎𝑡

𝑏√𝑡

−∞

𝑒−
𝑥2

2 𝑑𝑥. 

(Hint: Find 𝑧 such that 𝑊𝑡 > 𝑧 ⇒ 𝑆𝑡 > 𝐾) 
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