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— > (9 %) Let a > b > 0, and define M = auu" + bl,, where u = [1 2 2 1] and I; is the

identity rnatrix of dimension 4 x 4.

(—) (5 70) Let Ay > Ay > A3 > )4 be the eigenvalues of M. Compute Ay + Ay — Az — 4.

(=) (4 %) Find the maximal singular value of matrix M.

=~ (8 %) Assume that (U, (-, ), ) and (V, (,-),) are two Buclidean inner product spaces spanned
by the ordered orthonormal bases By = {u;,us,us} and By = {v1,Va}, respectively. Let

I': U — V be a linear transformation from U into V, and the matrix representation of T°
with respect to By and By is given by

10 1

A = .
1 2 -1

(=) (3%) Let u = u; — uy and v = T(u). Compute the norm [v]| = /{v, V)y.

(=) (5 %) Find the ug € U such that (i) T(uo) = v; + 3v and (ii) |luol| = /{1, ug)y is
minimized.

i
— ‘
)

(—) (4%) Compute the projection matrix P and the projection vector p of b onto the
column space of A, where

and b= {5
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(=) (4%) Suppose that X = y minimizes the Euclidean norm ib— A X|| among all possible
X. Let p = Ay. Which of the four spaces (i.e., column space C(A), row space R(A),
right null space N(A) and left null space N(A") of A) always contains p? Justify your

AJISWET.

W~ (—) (4%) Find the determinant of (AB)~2:

cos(d) 0 sin(6)]
A= 0 1 0
—sin(8) 0 cos(8)

)

B

[ 0 o] |8 62 @
LU= {tan(d) 1 0| |0 2 26
sin(f) cos(@) 1] [0 0 467!

(=) (4%) Give the property of block determinant:

det (

A B
0 D

-

) = det(A) - det(D)

where A, B and D are some square matrices.

Use the above property to compute the determinant of the matrix:

Hint: Change it to the form

| 2

oo B o TR 4 I

O O e O

g B N RN

2 3
-2 4
25 15
12 —16
7

h

It

q.

/R ( - ) (4%) Given a 4 x4 matrix P = P21P31 P41P32, where Pij 1s the basic 4 x 4 permutation
matrix which exchanges row 7 with row j, find P!,

(=) (4%) If a 3 x 4 matrix A has the vector 4,8,1,0]" as the only special solution to
Ax = 0, find the reduced row echelon matrix R of A

b
RN

(—) (4%) Consider an arbitrary m x n matrix A with rank r, r < m and r < n, and an

arbitrary column vector b of m elements. Find the number of all possible solutions to

the general linear equation Ax = b.
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(=) (5%) Consider an arbitrary m xn matrix A with rank r and an arbitrary n x k matrix
B with rank s, find the tightest lower bound for the rank of matrix AB.

(8%) Let 6(t) be the delta function. Solve the following equations and plot z(¢).

(=) (4%) 2(t) + 4a(t) = 4250 8(¢ — ), (0) = 2/(0) = 0.
(=) (4%) fo z(t — u) cos(u) du = tsin(t).

(10%) Consider the following linear system
9 4 i _
x'(t) = x(t) + /1{t)
1 -2 | [2(t) _‘

(—) (3%) Find the complementary solution of the associated homogencous system, i.c., if

f1(t) = falt) =0
(=) %) If f1(t) = f2(t) = t7!, find the particular solution.

. i l i
(Z) (3%) Given the initial condition x{1} = , in /A~ (=), find the solution x(t).

u J
(6%) Consider the following initial value problem

y'(z) — 2zy'(z) + 2y (z) + 8y(z) = 0, y(1) =3, y'(1) =0

Assuming y(z) = > oo, c,z™ has a power series solution at  — 0, determine the values of
Co, C1, €2, €3, C4, C5.

(10%) Consider the following boundary value problem for u(z,t) withO <z <wmandt>0
0“u  J*u ou
Y — *C;_)EE, u(O, t) = u(ﬂjt) == \J, U(I, O) = f(iL"), *55 - = (J. (1)

(—) (5%) Assuming f(z) = z, determine its Fourier sine series on interval [0, 7).

(=) (5%) Solve the boundary value problem (1) for u(z,t) when f(z) = z.
(16%) Consider the following initial value problem
y'(z) +ay'(x) + by(z) = f(z), y(0)=c, v'(0) =4,
where a, b, ¢, and d are constants. It is known that y(z) = sin(2z) wheﬁ f(z) = —3sin(2z).
(—) (4%) Find the values of a, b, ¢, and d.
(=) (12%) Calculate the Corresponding solution y(z) for —% <z < % when f(z) = tan(z).






