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1. Lat A and B be two n > g malrices over a field F.

(a) {5 points.) Show that rank{ 48} < min{rank{A4), zank{87}.
(b} {5 points.) Show that rank{A + B) € rank{A) 4 rank(5).
() {5 points.) Show that rank{A) + rank{s) £ ank{AB) +n.

2. (15 pointe) Let T 0 17~ ¥ be a lincar operator on & vector space 17 such that ker T = ker T
and I T = Tm T2, (Here ker T and Im 7" denote. the kernel and the image of T, respectively.)
Prove that Voo ker T [ T

3. (15 points.) Let A be ann % 7 real matsdx. Suppose that A is orthogonal, symmetric, and positive
definite. Prove thial A is the identdty matris.

4. (15 points.) Letn 3> 2 be an integer. Fori = 0,...,n~ 1, 8l ¢ = (:} denote the binomial
coefficient. Let
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Dietermine the Jordan canonical forin for A.
5. (20 poinis.) Let T - B - B3 be a linear transformation such that Ty L v for all # € B2 {with
respect to the standard inner produet on BY), Prove that T is not irventible,
Is the analogous statement frue for a linear transformation 77 B2 - B2
6. Let 5 and T be two Hnear operators o6 a finite-ditnensional vector space V' over ©. Asswene thal
S and T conmule. _ 7
(@) {5 points.) Lel By, be an eigenspace of § with eigenvalue A Prove that B, is T-imvariant.
{b) {15 points.) Prove that there is a basis 8 for V' such that [S]g and [T]p are both upper-
trisngitlar. (Here 85 denotes the matrix of S with respect to the basis 5.}
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