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NOTATION: In this test, all vector spaces are over R. For a matrix A € M, xn let Ly : R? — R™
denote left-multiplication transformation. Let R(L4) denotes the range of L4 and N(L,) denote

the null space of L,.

1. Let the matrix A be

1 31 1L 23
123 4

A= .
135 7 9
1 47 10 13

(a) Compute the reduced row echelon form of matrix A. (10pts)
(b) From the answer of part (a), find a basis of N(L,4) and a basis of R(Ly). (10pts)
(c) Orthogonally project the column vector

D
10
0
5

onto R(L,). This means find a vector in R(L4) which is closest to the given vector. (10pts)

2. ki, ky, -+, ky € R" are real numbers. Compute the following determinant. (10pts)

1 ky ko K
1 ky k3 o k57
1 ks k% - k57
1 ky k121 ki’;_l

3. Let the matrix B be

[ ]

(a) Diagonalize B. This means you have to find an invertible matrix P and a diagonal matrix
D such that B=PDP~!. (10pts)

(b) For any n € N, compute the general formula for B". (10pts)
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4. Proof the following;:

(a) Let A € M,,,(R). Show that if {Av|, Av,,---Av;} is linearly independent in IR", then
{vi,v2,---, v} is linearly independent. (10pts)

(b) The rank of a matrix is defined as the dimension of its range. rank(A) = dim(R(L4)). Use
part (a), show that for all A, B € M,,(IR), rank(AB) < rank(B). (10pts)

5. In R", the inner product is defined as

n

(xler"" rxn) : (yl’y?."" ’yn) = inyi'

=1

For any subspace W C R", the orthogonal complement of W, denoted by W+, is defined as
Wt={wNweW,v-w=0].

(a) Show that W+ is closed under addition and scalar multiplication. Therefore, it is a sub-

space. (5pts)
(b) Show that Wt nW ={0}. (5pts)

(c) Show that if W, W, C R" are subspaces, we have (W} + W,)+ = Wi- n W3-, (10pts)




