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(5%) Forn € Z*, Y7 ok (") =

k
(A) 0.
B) 2".
(C) n2m1,
(D) n2n.
(E) n2nt1,

(5%) Forn € Z*, Yp_o(—1)* (Z) -

(A) 0.

B) 21,
(C) 2m.
D) n2m1,
(E) n2m™.

(5%) What is the total number of possible solutions for x; + x, +x3 = 10, where xy,x;, %3 €
{0} uzZ* 2.

(A) 36

B) 45

(C) 66

(D) 120

(E) 286

(5%) How many 11-letter words out of “examination”?

(A) 40320

(B) 4989600

(C) 13305600

(D) 39916 800

(E) None of the above

(5%) Which of the following is not a type of random variables?

(A) Continuous random variables
(B) Discrete random variables
(C) Hybrid random variables

(D) Mixed random variables

(E) None of the above
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6. (5%) Given that a,b € R, which of the following is true about the CDF of any random variable X?

(A) Fx(a) > Fy(b) whena > b

(B) Fy(a) = Fx(b) whena = b

(C) Fy(a) = Fy(b) ifandonlyifa =»h

(D) Fy(a+ b) = Fx(a) + Fx(b) for any a and b
(E) None of the above

7. (5%) If H(x) and 8(x) are, respectively, the Heaviside step function and the Dirac delta function |
evaluated at x (where x € R), then f_xoo H(¢p) dop =
A 1
®B) 6(x)

(C) x6(x)
D) HX)
(E) xH(x)

8. (5%) Let X and Y be two random variables such that they are linearly dependent. Which of the
following about pyy, the correlation coefficient of X and Y, is correct?

(A) pxy=—1
B) pxy =0
©) pxr=1

D) pxy =—lorpgy =1
(E) None of the above

9. (5%) Given that X is a Poisson random variable with mean p, find My(t), the moment-generating
function of X.

(A) My(t) = explu (e —1)]
(B) My (t) = explu (e + 1)]
(C) My(t) = exp(ut — 1)
(D) Mx(t) = exp(ut +1)
(E) None of the above
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10. (5%) Let X be a discrete random variable such that fy(x) = %G) , where x € Z*. IfY = X?,
find fy (y), where y € {1,4,9, ... }.

@ Fm =23
® rm=2E)""
© £ =2E"""

VI-1
o Fo=2()"
(E) None of the above

=~ &3t EA
1. (10%) Consider an experiment in which a fair coin is tossed three times.
(2). (3%) What is the sample space () of all possible outcomes for this experiment?

(b). (4%) Define the event E, as the outcomes where exactly 7 tosses result in “heads,” where i =

0,1,2,3. For each i=0,1,2,3, how many sample points does E, contain?
(¢). (3%) Define event F as an event in which at least two of the tosses yield “heads.”

2. (10%) Consider two independent random variables X and N, where X is uniformly distributed on (0,27)

and N follows a Gaussian distribution with probability density function (PDF)
2

N ) . Let Y=X+N. Determine the conditional PDF f (X |Y ) .

1
f(N)‘ WeXp(zaz

3. (15%) Let N be a positive integer-valued random variable with the cumulative distribution function
(CDF) F, (n) = —ni for each integer n>1.
n+

(@). (5%) Use the CDF F;, (n) to demonstrate that N is a positive random variable.
(b). (5%) Determine the probability mass function (PMF) of N, i.e., By (n) .

(©). (5%) Compute the expected value of N, i.e., E{N}.
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4. (15%) Consider an experiment in which a fair coin is tossed # times. Let S,, represent the total number

of “heads (=1)” obtained:
Sy =B +B,++B,,
where B, are independent binary random variables with P (Bi = 1) = P(B,. = 0) = 0.5 for all i =
0,1,2,...,N.
(). (5%) Compute the moment generating function (MGF) of S, denoted as M (t) .
Hint: For a random variable X, its MGF M, (¢) is defined by M, ()=E [e’X:I .
(b). (10%) The Chernoff bound can be given as
\ P(Sy = NB)<min{e™" M, (¢)}.

120

Determine the optimal value of # and show that

P(Sy 2 NB)< 2™,
where H () =-plog, B—(1-B)log,(1- ).

Hint: Minimizing e™”M; (r) is equal to minimizing In (e"’N "M, (t)) .
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