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1. Consider the linear system Ax = b, where A = [a,,a,,a3] € R**3, a;, a,, a3 are column vectors
of A, and b € R* is a non-zero vector. Suppose

al+232=333, al+az+ag=b, az+233=)&0.

Which of the following statements are true?

(A) The linear system has a finite number of solutions.
(B) rank([A,b]) is equal to rank(A).

(C) The rank of A is less than or equal to 2.

(D) x=11,2,3]7 is a solution of the linear system.
(E) The vectors a4, a,, a3 are linearly dependent.

2. Let
2 0 0 0 2
0 1.1 10
A=[0 1 1 1 O0f
0 1.1 10
2 0 0 0 2

Which of the following statements are true?

(A) rank(A) = 2.

(B) trace(A) =7.

(C) det(A) # 0.

(D) 3is an eigenvalue of A.

(E) All eigenvalues of A are non-negative.

3. Let

A =[aj,a;,a3;] =QR=1Q

1 2 3
0 4 5]
0 0 6

where a,, a,, a3 are column vectors of A € R3*3, and Q € R®*3 is an orthogonal marix, i.e.,
Q7Q = QQT is the identity matrix. Which of the following statements are true?

(A) afa, =3, (B)ala, = 24, (C)afa; = 70, (D) aja; = 3, (E) aja, = 30.
4. Let

3
4
5

SO~ N

A= = [31! 32,33],

NP OPR

2 6

where a4, a,, az are column vectors of A. Let q5 be the orthogonal projection of as onto
span(ay, a;), and q3 = [q31, 932, G33, G34])” - Which of the following statements are true?

(A) q31 =4, (B) qz2 =4/3, (C) q33 = 10/3, (D) q34 = 22/3, (E) 3711(13 = 20.
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5. LetA € R™" AAT =1, and A is a non-zero matrix. Which of the following statements are true?

(A)trace(A) # 0.

(B)det(A) = 1.

(C)rank(A) = n.

(D)If n = 3, then trace(A) < 3.

(E) All eigenvalues of A are real numbers.

Let A € R™™ where R(A) denotes the column space of A, N(A) denotes the null space of A,
and dim(S) denotes the dimension of a subspace S. Which of the following statements are true?
(A)If A has linearly independent columns, then AAT is nonsingular.

(B) rank(AT) + dim(N(AT)) = m.

(C)R(AAT) = R(ATA).

(D)If AAT is nonsingular, then A" A is also nonsingular. '

(E) It is possible for a matrix A to have [3,4,5]” in R(A) and [1, -1, 2]7 in N(AT).

Let A € R3*3 with rank(A?) = rank(A) — 1, and A has at least two distinct eigenvalues. Which of
the following statements are true?

- (A) A is diagonalizable.

(B) A is not symmetric.

(C) rank(A?) = 1.

(D) trace(A) # 0.

(E) A is a nonsingular matrix.

Let u and v be two vectors in an inner product space V, and p is the orthogonal projection of u onto
v. Define ||v]| = +/{Vv, v). Which of the following statements are true?

Al = [lu - pl|.
@) llpll = llu—pll.
(C)p = u if and only if u and v are orthogonal.

(D) [lu — plI? = [luli* - [IplI*.
E) lu = p|| < [[u—av]|| for any « € R.

Let P2 be the space of all real-valued polynomials of degree at most 2, with the inner product
defined as

(f.g9) = f(=Dg(-1) + f(0)g(0) + f(1g(1)

where f(x), g(x) € P?. Define || f|| = +/{f, f). Consider the orthogonal set of polynomials
{uy,uz, uz} in P? with respect to this inner product, where

u (%) = 1, up(x) = x, ug(x) =x*—2/3.

Suppose p(x) € P? is a polynomial such that (p,u;) = 6, {p,u;) = —6, (p, us) = 4. Let the
orthogonal projection of p(x) onto span(u,, u,) be denoted by q(x). Which of the following
statements are true?

(A)(usz, uz) = 2/3.

B) q(x) = 2u, (x) — 3u,(x).

(©) llgI* = 30.

D)p(x) = 6uy (x) — 6uy(x) + 4uz(x).
E®) llpOlI? = 572/3.
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10. Let L: R® — R3 be a linear operator defined as
| dyx3 — d3X; X1
L(x) = [d3x1 - d1x3] X = [xz],
d1x2 — dle X3
where d4, d,, d3 are given scalars. Let A be the matrix representation of L with respect to the
standard basis E = {e4, e,, €5} of R3, where e; = [1,0,0]7, e, = [0,1,0]”, and e; = [0,0,1]7.

Denote the last two rows of A by [ay4, @32, 23] and [az4, asz, ass], respectively. Which of the
following statements are true?

(A) az1 = dy, B)az, =dy, (C)azy =—d;, (D)as; =d;, (E)azs =0.

FU-M4BEZHARLHERE - pHAHRBRER > BRI UIFLS -

11. (12%) Magnetic resonance imaging is a medical imaging technique that uses macroscopic nuclear
magnetization (/) of hydrogen in human tissues as its signal source. According to the well-known
Bloch equation, the longitudinal magnetization M, (t) follows the differential equation

sz(t) _ MO - Mz(t)
dt T, ’
where M is the steady-state nuclear magnetization, and T; presents the longitudinal relaxation time,
which is a tissue-dependent constant. Assume that an excitation pulse is applied to the

magnetization right before t = 0 to remove M, completely; in other words, M,(0) = 0. Find M, (t)
on the interval (0, o).

12. (12%) Find the general solution of y(x) for

13. (12%) Find the general solution of x(t) and y(t) to satisfy the following equations.

X ext2
dc XY
dy

— = -3

at x+y

14. (1) (12%) Find the power series solution of (x? — 1) Z—zz + Zx% — 2y = 0 about the point x = 0.

(2) (2%) What is the radius of convergence for your solution in (1)?
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