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1. (25 pts)

(a) (8 pts) Let A € R™*" and B € R™*¢. Show that rank(4B) < rank(B).
(b) (5 pts) Let A € R2X! and B € R'*2, Show that AB is not invertible.

(c) (12 pts) Let A € R™*™. Show that A is invertible if and only if rank(A4B) = rank(B) for all
B € R™*¥,

) n
2. (20 pts) Let A = (aij) € R™ " satisfy a;; >0 (V1<4,5 <n)and Y a;; =1 (V1 <i<n).
=1

(a) (8 pts) Show that 1 is an eigenvalue of A.
(b) (12 pts) Let n =2 and m denote a positive integer. Find lim A™.

m—ro0
3. (25 pts)
(a) (10 pts) Let A € R™ ™ be invertible and let B € R™*™ be given arbitrarily. Show that the
characteristic polynomials of B and ABA™! are the same.
(b) (15 pts) Let P,@ € R™*™. Show that the characteristic polynomials of PQ and QP are the same.
: 1 -f . 3
4. (15 pts) Let A = (a;) € R™ ™ satisfy a;; = ’ 1 Z #‘7 .
b ,ifi=y
(a) (5 pts) Evaluate det A.

(b) (10 pts) Let n > 3 and W = {z € R**! | Az = 0}. Find b such that dim W = 1 and find a basis
of W in this case.
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(a) (6 pts) Use the definition of linearly independent to show that {v1,v9,v3} is linearly independent.

(b) (9 pts) Derive an orthonormal basis of R3*! from vy, vy, vs by Gram-Schmidt process.
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