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1.

® DPlease answer the questions in order and write down the question number for each question.

If you are not able to answer the question, leave it blank.

® Notations: i.i.d., independent and identically distributed.

(20%) Let X, ..., X;, be i.i.d. random samples from a population with finite mean u and variance
o% > 0. Define the sample mean and variance as X,, = %Z?lei and S2 = ﬁZ{Ll(Xi - X,)?,
respectively.

(@) (10%) Find E (X,,) and Var(X,,).
(b) (10%) Show that S? is an unbiased estimator for o2.

(10%) Let X be a nonnegative continuous random variable. Show that
Ew%=2ftmx>ﬂm.
0

(25%) Let Xj, ..., X;; be i.i.d. uniform random samples on the interval [0, 8].

(@ (5%) Find the maximum likelihood estimator for 6 and denote it as 8,,.

(b) (5%) Find the asymptotic distribution of n(6 — 6,,).

(¢) (5%) Show that the maximum likelihood estimator 6,, is a consistent estimator for 8.

(d) (10%) Find an approximate level « test for testing the null hypothesis Hy: 8 < 6, against the
alternative hypothesis Hy: 60 > 6, where 8, > 0 is some known constant, based on the
asymptotic distribution of n(6 — 6,,) in (b). Note that you have to justify the test you found
is an approximately level a test.

(25%) Let X and Y be i.i.d. standard normal random variables, and (X;,Y;), ..., (X,,, Y;,) be i.i.d.
random samples distributed as (X, Y). Define the probability p = P(X? + Y2 < 1).

(a) (10%) Find p.
(b) (5%) Find an estimator for p based on the samples (X1, Y1), ..., (X, V2).
(c) (10%) Establish asymptotic normality for the estimator you found in (b).

(20%) Assume that X and Y be are conditionally independent given W. The conditional survival
functions of X and Y given W = w are defined as P(X > x | W =w) = e 1" x > 0,1, > 0
and P(Y >y | W =w) = e %"Y y >0, 1, > 0 respectively. Let W be a one-parameter gamma
random variable with the probability density function

1 w

=1 ——

weé “e 6

fow) =

r(z)e
where I is the gamma function.

(@) (10%) Find the joint survival function S(x,y) = P(X > x,Y > y),x > 0,y > 0.

(b) (10%) Find the function C:[0,1] + [0,1] satisfying S(x,y) = C{Sx(x), Sy(y)}, where
Sx(x) = P(X > x) and Sy(y) = P(Y > ) are the marginal survival functions of X and Y,
respectively. Hint: If f~*(w) is the inverse function of f(x), one has f(f '1(u)) = U.

T w>0,6>0,
2]
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