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1. Calculate the divergence of the vector ﬁeld,
V=7r’ cos@+6r0 +d2singcosd

atthe point =2, @ =n/2, and ¢=7/6 in spherical coordinates.
(A) -2 (B) -1 ©o (D) 1 (E) 2.
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P'(x,y,0)

2. What is the angle y between the surfaces defined by z=x"+3° -3 and
4 y

x + yzl+ z* =9 at the point (1, 2,2)? Note that the angle between two

surfaces is the angle between their normal vectors at the point of interest.
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3 Let. M= i 1+1: and = 1 0 '
1+1i i 0 1

(A) M is skew-Hermitian.

(B) The eigenvalues of any skew-Hermitian matrix must be either zero or
imaginary.
(C) M is normal.

(D) V = (I+M)(I-M)" is unitary.

(E) All of the above are true.

2 2. 2 2
4. What is the rank of the matrix A = 7o 71 ?
10 10 10 10
3 9 3 9
5 5 5 5]
(A) 4 (B) 3 ©) 2 D) 1 (E) 0.

5. Formally, the sawtooth function
fx)=x+n if —-zm<x<zm and f(x+27)=f(x)
can be represented by a Fourier series as

f(x)= fl_z_i + i [an cos(nx) +b, sin(nx)] ,

n=l
where a,, a,, and b, (neN) are Fourier coefficients given by Euler
formulas.
(A) Because f(x) is not an odd function with respect to the origin, some of

the cos(nx) basis terms must be included in the Fourier series.

(B) The constant term 4, is just the average value of f(x) in one period,
i.e., a() =7,
(C) b, =—cos(nz)/n.
(D) Substituting x = /2 into the Fourier series of this sawtooth function,
7 i sin(nr/2)
n

n=1

we can obtain Leibniz series for 7, i.e.,

(E) None of the above is true.
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6. The Fourier transform of f(x) is defined by F (/) (k) = L j' " fx)e ™ dx.
N2m -
So, which of the inverse Fourier transforms, cosine or sine, gives the result:

|x|<1/2
f@)= { >1/2 ]

o sin(k/2 -
(A) Io S—ullf/%)‘ cos(kx) dk

(B) — 2 J. = sin(k/2) cos(kx)dk

zdo k[2
(©) i j: Sm/(f/ 2) sin(i) dk
D) J“’szn(/(/2) sinlox) dk

(E) None of the above is true.

7. Which set of the following integrations is correct?

o4
sin® x @ s X
(A)J- dx =7’ and — dx=n".
—o x? —o X

.4
® sin® x » sin® x
(B)I dx=m and —dx=r.
—o  x? —0 X

4

W Q1 - ® ain? v
©) J 51n2 Y dx=7x and S gﬂ.
- X , -0 x 3

© 1
(D sin® x dx = 7 d sin® x dve o
) I an I 3

—en }‘

(E) None of the above is true.

8. While the solution of the integral equation- y(¢) ~J:sin(z —)y(r)dr =t 1is

3 ¢ 3
Yty =t +%, what is the solution of y(¢)+ [ (¢=7)y(z)d = % ?

(A) y(t) =sin(t +£/6)
(B) y(¢) =sin(t) +£3/6
(C) y(@) =sin(t) +1¢
(D) y(2) = —sin(?)

(E) None of the above is true,
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hod n
= Zn (k+2)( )—?

Hint: The approximation lrg)l]l n! =~2znn"e”" might be useful.

(A) e+l B) e (©) e-1 D) 1 (E) 0.

10. Consider a second-order ODE: y"(z) +

(~1) Y@ (—1)

(A) The indicial equation of the given equation has a repeated root.

¥(z)=0,

(B) Because z =0 is a regular singular point, at least one solution, say

¥,(2), is in the form of a Frobenius series.
(C) Let the repeated root be o) =0,=0, then y,(z) is in a form as

y(z,0) = Z a,(c)z°"".

n=0

0
(D) Accordingly, »,(z)= [ ————a yl(z,a):|
o

o=0,

(E) All of the above are true.

11. Consider a set of functions, {f(x)}, of the real variable x, defined in the
interval —oo<x <oo, that — 0 at least as quickly as x™! as x — o0, Which

of the following linear operators is Hermitian when acting upon {f(x)}?

(A) l.c_;_l_”z (B) %sz © ix;{é (D) "('l,d; (E) ix.

12. The spherical harmonic functions ¥,"(6,¢) are eigen-functions of the

~

parity operator & ; that is, {ﬁye’"(a,gj) = pY;"(6,¢) » where p is the

corresponding eigenvalue. According to

2+ 1 (¢ —m)17?
Y0,4) = (— 1)'"[ s +j:§!] PY(cos 0) exp(img)
and P, "(x) = (—1)" Ei ; ::3' /'(x), what the e1genvalue p should be?
(A) 1 (B) -1 © (D¢ O D" (B pE
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(—) Following are the differential equatlons, for t20,
X+ 2x 4y =cos2t,
¥+ 2x 43y =2cos2t,
which describe a coupled system that starts from rest at the equilibrium

position. (a) Show that the subsequent motion takes place along a straight
‘line in the xy-plane. And (b) explain the resonant behavior in the solution.

Hint: The question of (a) is readily obtained by using Laplace transforms.
To seek a particular solution in (b), it would be easier to take a pair of
trial solutions like x(f) = X'sin(wt) and y(t) =Y sin(w?).

(=) The function y(x)=e" can be spanned by all the linear functions
defined in [0, 1] on the linear space.

(a) Apply the Gram-Schmidt orthogonalization procedure and the inner
product of two continuous functions in [0, 1] to minimize the integral

1 X 2
| I=|[(a+px)—e*] dx.
What values ¢ and Jé; should be?

(b) Instead of the Gram-Schmidt method, we can linearly transform the
function y(x) defined in [0, 1] to the other function y(&) but defined in
—1<£ <1, Thus, y(£) has the representation in terms of the Legendre
orthogonal basis {7, (£)} such that

W& =3, P&,

n=0

Converting back to x € [0,1], y(X)ﬁZa,, é,(x) where €,(x)=1 since
n=0

A& =1, é,(x)zx/g(Zx—l) since B(&) =r<f, and so on. As a result,

what is the normalized basis €;(x) ?

Hint: (n+1)FB,, (&)= (2n+1)§P (&) —nP,_(&).

ou(x,y) _, ou(x,y)
ox oy

(=) Solve 3 +u(x,y)=x with u=0 on 2y-3x=0.

csc(—l_—l-) dz .

() Compute the complex integral: (_f) i

Hint: Consider the pole at infinity.




