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Notation.

P,(R) : the set of polynomials of degree at most n.
I : the identity matbrix

R™*™: the set of n X m real matrices.

1 Let T : V — W be a linear transformation. Determine “true” or “false” for
the following statements. If “true”, prove it; if “false”, give a counterexample.

a. (10%) If {v1, v2} is linearly independent in V| then {T'(v1), T'(v2)} is lin-
early independent in W.

b. (10%) ¥ {T(v1),T(v2)} is linearly independent in W, then {v;,v0} is
linearly independent in V.

2 (10%) Suppose that W, and Wy are subspaces of a vector space V. Show that
Wi+ We={z+y|z Wy y&€ Wa}is asubspace of V.

3 Let T : Py(R) — P5(R) be defined by T(p(z)) = p(z=2)+ (z+ 1)p'(z), where
p(z) is the first derivative of p(z).
a. (5%) Show that T is a lincar transformation.
b. (5%)/Let B = {&? 2,1} be the ordered basis'for Py(R). Find [T17.
¢. (6%) Find the eigenvalues and eigenvectors of 7.

4 (10%) Let A € R™® be invertible and z, y € R*, ¢ € R. Define
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Show that M is invertible if and only if ¢ # yT A x.
i -1 2
1§ @ —8
5 Let A= 1\ 1 and b= 12
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a. (10%) Find the least squares solution of the linear system Az = b.
b. (6%) Find the orthogonal projection of b-on tothe column space of A.

6 Let
3 11
A= 2 4 2.
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a. (10%) Find an invertible matrix Q such that @1 AQ is a diagonal matrix.
b. (%) Find the eigenvalues and eigenvectors of A% — 342 +41.

c. (5%) Describe the set W = {p(z)|p(z) is a polynomial and p(4) = 0}.
7 (10%) Let A € R®*™ with rank(A) = m. Show that ATA is invertible.
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