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1. Let f be a function of a real variable defined as f(z) = z + sin(z) — 1 and let

_ fi(z)
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(a) (5 points) Describe the largest domain in which the real-valued function g is well-defined.
(b) (10 points) Show that g has a unique fixed point in (0, =)

(c) (10 points) Show that the fixed point of g is a root of the equation z + sin(z) = 1.

(d) (5 points) Show that g” is continuous on (0, %).

(e) (5 points) Show that |g”(z)| is bounded on (0, %).

(f) (15 points) Let z, € (0,%) be the fixed point of g and let zo € (0, %). Show that the sequence

{zk}R2, defined by the iteration z,41 = g(x,) converges at least quadratically to z..
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We define a linear operator T on R? as

T(x) = Bx +f,
where B=1—- D71A, f = Db,

1 0 0 2 00
I=10 1 0| and D= |0 4 0
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(a) (10 points) Show that T has a unique fixed point.
(b) (10 points) Show that A is strictly diagonally dominant.
(c) (10 points) Show that every eigenvalue A of the matrix B satisfies [A| < 1.

(d) (20 points) Let xo € R? be an arbitrary initial vector. Show that the sequence {xx}32, defined by

the iteration xx41 = T'(xx) converges to the solution of the linear system Ax = b.



