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1. (10 points) Let S,, be the symmetric group of degree n. Let C,, be the cyclic group of
order m. Is the group S3 x Cy isomorphic to S4? Justify your answer.

2. (10 points) Let G, H be groups and let § : G — H be a surjective group homomorphism.
If N is a normal subgroup of G and G/ N is abelian, prove that §(N) is normal in H and

H/8(N) is abelian.

3. For convenience, we say that a finite group G is CLT if G has the following property:
“For any positive integer d such that d divides |G|, G has a subgroup of order d.”
(a) (10 points) Let G be a group of order 20. Show that G is CLT.
(b) (10 points) Let p be a prime. If G is an abelian group of order p* for some positive

integer k, is it always true that G is CLT? Justify your answer.

4. Let Z be the ring of integers. Let Z[i] = {a+ bi | a,b € Z} be the ring of Gaussian
integers where i2 = —1. Let Z[v/=5] = {a + bv/=5 | a,b € Z}.

Prove or disprove each of the following statements.

(a) (10 points) The ideal (z + 1) is a prime ideal in the polynomial ring Z[z].
(b) (10 points) 23 is irreducible in Z[3].

(c) (10 points) The ideal I = (2,1 + +/=5) is a principal ideal in Z[/=5].

(d) (10 points) Z[i]/(5 + ) is a field.

5. Let Q be the field of rational numbers. Let f(z) = z3%—152%+45 and g(z) = z°—5z+3
be polynomials over Z. Suppose that a is a complex number and f(a) = 0. Let

B=g(a)
(a) (10 points) Determine [Q(a) : QJ.
(b) (10 points) Determine the degree of the minimal polynomial of 8 over Q.



