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1. (10 points) Show the following identity:

/ ) e~*dr = ﬁ
0 2
2. (5+5 points) Evaluate the following integrals: (You only need to write down the answers.)
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3. (10 points) Let p > 0. Discuss the convergence or divergence for the series

nz n(logn) log logn)?

Justify your result.

4. (545 points) Let f, : R = R be defined by

2

1
fn(m) = ;e—n% , z€R, neN.

(1) Prove that f, — 0 uniformly on R.
(2) Prove that f; — 0 pointwisely on R but not uniformly.

5. (5+10 points) Evaluate the extreme values of the following functions: (You only need to write
down the answers.)

(1) f(z,y,2) =z — y+ z subject to the constraint z? + y* + 22 = 2023.
(2) g(z,y,2) = 23 + y* + 23 subject to the constraints z2 +y* + 22 =land z +y+ 2z = 1.

6. (15 points) Let f : R? — R be defined by

2+ vy

@ =) ¢,
f(.'L', y) = { 2 f ( 1y) # (0,0),

Prove that Do f and Dy, f are not continuous at (0, 0).
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7. (545 points) Let f : (0,1) — R be a differentiable function where a,b € R.

(1) Prove or disprove that |f’(z)| is bounded for all z € (0,1)?

(2) If f have a bounded derivative, that is, |f'(z)| < oo for all z € (0,1). Show that f is
uniformly continuous on (0, 1).

8. (545 points) Let f : R — R be a function.

(1) Supoose that f is continuous on [0,1]. Show that f is Riemann integrable on [0, 1], that
is, fol f(z)dz exists.

(2) Define

)1 ifzeqQ,
f(:v)—{ 0 if z e Q.

Show that f is not Riemann integrable on [0, 1].
9. (545 points) Let f: R® — R be defined by
f(z,y,2) =2* +y> +2° — 3zyz — 1.
(1) Show that there exists a function ¢ : R? — R such that

f(z,y,6(z,y)) =0

in a neighborhood of (0,0, 1).
(2) Find the total differentiate of ¢(z,y).




