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e Let Z be the ring of integers. Let Q be the field of rational numbers.

1. Let p be a prime and let G be a cyclic group of order p®.

(a) (5 points) Find the number of elements of order p? in G.

(b) (10 points) Find the number of elements of order p in the direct product G x G.
2. Let N, A, B be subgroups of the group G. Suppose that N <G and A < B.

(a) (5 points) Show that AN <t BN.
(b) (10 points) If B/A is abelian, show that BN/AN is abelian.

3. Let G be the dihedral group of order 144. So G is a group generated by two elements
a and b where a has order 72, b has order 2 and bab~! = ¢~ 1.

(a) (10 points) Determine the number of Sylow 2-subgroups of G.
(b) (10 points) Find the center of G.
4. Prove or disprove each of the following statements.
(a) (10 points) In an integral domain, every prime element is irreducible.
(b) (10 points) Z[v/—7] is a unique factorization doamin (UFD).
(c) (10 points) If M is a maximal ideal of an integral domain R, then M|z] is a
maximal ideal of the polynomil ring R[z].

5. (10 points) Let a be the real number 7+ \5/ 1+ /3. Find the degree of the field extension
[Q(a) : Q].

6. (10 points) Let o = v/2 and § = v/5. Is it true that Q(e, 8) = Q(a + B)? Justify your
answer.



