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1. Decide which of the following statements are true and which are false. Prove
the true ones and give counterexamples for the false ones.

(a) (6 points) Let f be a differentiable function on R. If f(0) = 1 and
|f'(z)] < M for all z € R, then |f(z)| < M|z|+ 1.

(b) (6 points) If f and g are differentiable on [a,b], and if f' and ¢ are
Riemann integrable on [a, b], then

/f x)dw—}—/f (z)g'(z)dz

if and only if f(a)g(a) = f(b)g(b).

(c) (6 points) Every continuous real function f(z) defined on an closed in-
terval [a, b] has an antiderivative.

(d) (6 points) If f x f is Riemann integrable on [a,b], then f is Riemann
integrable on [a, b].

(e) (6 points) A continuous function maps Cauchy sequences to Cauchy
sequences.

2. (10 points) Suppose that f : (—oo0,00) — R is continuous and that
lim f(z)=

T—+00

Prove that the function f is uniformly continuous on R.

3. (a) (5 points) If f is a bounded function. Prove that
sup f x f = (sup |f])*.

z€[a,b] z€[a,b]

(b) (5 points) If f is integrable on [a,b], prove that f x f is integrable on
[a, b]. The following formula can be used directly.

inf = ( inf 2
:vé[a,b] f % f (mé[a,b] Ifl)

4. Let f be a continuous function on [a, b].

(a) (5 points) Describe the definitions of the lower sum and the lower integral

of f.
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(b) (5 points) Let f(zo) # 0 for some zy € [a,b]. Prove that
b
@ [ 1@z >0,
b
where the symbol (L) / is the lower integral.

(c) (3 points) By the result (b), show that / ’ |f(z)|dz = 0 if and only if
f(z) =0 for all z € [a, b]. ’
5. (10 points) Prove that f(z) = Y s, sin(kz)/k converges for each z € R.
6. (a) (3 points) Describe the Green’s theorem.
(b) (12 points) Give two functions defined on R?\ (0,0) as follows.

y z
f(z,y) = TE 9(z,y) = amcy

Let C be a simple, closed, and positively oriented curve. Compute
/ fdz + gdy.
c

7. (a) (2 points) Describe the definition of a Jordan region.
(b) (10 points) Let E be a Jordan region in R?, where (z,y) € E. Prove

that
lim // cos(z/k)e?/*d A
E

k—oo

exists, and find its value.
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