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1. (10%) For scalars b and ¢, determine a condition for which the system of linear equa-

tions

z+Y =1
y—2z=50
T +2z=c

has no solution.

2. Let

-2 0 2
A= 0 1 0
2 0 1

(a) (16%) Calculate an orthonormal basis of eigenvectors of A.

(b) (8%) Determine orthogonal matrices P and P~! so that P"1AP is a diagonal
matrix. '

3. Let A be a 5 x 5 matrix with the characteristic polynomial
flt) = >+t —2t2 — 3.

(a) (8%) Determine rank(A).
(b) (12%) Calculate the determinant of the matrix A* — A% 4+ 24.

4. (30%, 6% each) Prove or disprove each of the following statements.

(a) Let Wy and W, be subspaces of a vector space V. Then W7 U W, is a subspace of
V.

(b) Let V and W be vector spaces and T': V — W be a linear transformation. If
dim(V) < dim(W), then T cannot be onto.

(c) Let Az = b be a system of m linear equations in n unknowns. If rank(A) = m,
then Az = b has a solution.

(d) Let I,, be the n x n identity matrix. If 4 is an n x n matrix such that A? = A,
then I,, — 2A is invertible.

(e) Let A be as in part d). If the characteristic polynomial of A splits, then A is
diagonalizable.

5. (16%) Let W be a finite-dimensional subspace of an inner product space V and let
z € V\W. Denote W= the orthogonal complement of W. Prove that there exist
unique vectors v € W and y € W+ such that x = w + y. [Hint : Consider the
orthogonal projection of x on W]
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