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1. (30%") Suppose that X is a geometric random variable with distribution given by
P(X=k)=6"1(1-6),0<0<1, k=1,2,3,...,00.
Now consider a new random variable Y, where r is a positive integer and

X if X <
e+, X >r+1

(a) Show that the distribution of Y is given by P(Y = k) = 6*"1(1-6), k=1,2,...,7;
PY=r+1)=0".

(b) Find the expectation of Y, Le., E[Y].

{c) Suppose that ¥7,Ys,...,Y;, are a random sample of size n from the distribution of
Y given in (a). Show that the maximum likelthood estimator (MLE) of # is given

+ 1}
- - 1/‘ —
by € = %, where M is the number of indices 4 such that ¥; =r 4 1.
=111

2. (20%") An epidemiologist is interested in determining whether or not the rate A; of
development of new disease cases in Community 1 is different from the rate A; in
Community 2. Suppose that ¥; (i = 1, 2) is a random variable denoting the number of
disease cases developing in Community ¢ during the year 2019, and that F; represents
the corresponding mid-year population as determined from census information. (You
may assume that Py and P, are known constants.) The epidemiology is willing to
assume that Y7 ~ Poisson(P;A;) and Yo ~ Poisson(FP282;), where the rate ratio § =
Ao/ A1. Also, Y7 and Y, are assumed to be independent random variables.

(a) Develop an appropriate likelihood ratio test statistic for testing Hp : # = 1 versus
H1 : 9 7é 1

(b) Suppose that this epidemiologist obtains the following data: Y; = 100, ¥> = 200,
P, = 2 x 10% and P, = 10°. Using the likelihood ratio statistic derived in (a),
show that these data strongly favor rejection of Hy: 6 = 1.

3. (304} In a certain genetic experiment, the observed frequencies in the four distinct
genotype classes AB, Ab, aB and ab were found to be n;,n2,n3 and ny, respectively,
where N = (n; + ns + ng 4 ny). Based on a certain genetic theory, the corresponding
expected proportions are (2 + 8)/4, (1 — 6)/4,(1 — §)/4 and 8/4, respectively, where 8
is an unknown parameter.

(a) Derive an explicit expression for the large-sample variance Var(#), where 8 is the
maximum likelihood estimator (MLE) of 4.

(b) Consider an alternative estimator 5*, where 8* = (ny — ng — ng + 5ny) /2N. Prove
that 6* is an unbiased estimator for £.

{¢) Derive an explicit expression for the exact variance, Va.r(a*) and for the efficiency,
Var () /Var(0*).
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4. (20%) Let X1, X2, ..., X, ben independent and identically distributed continuous ran-
dom variables with the probability density function (pdf) f(z) and distribution func-
tion F(z). Let Z,1 < ... < Znn be the order statistics corresponding to Xi, ..., Xx.

(a) For an arbitrary k (1 < k < n — 1), write down the joint pdf of Zy.1, ..., Znk+1-
(b) Hence, or otherwise, obtain the conditional pdf of Zy.x41, given Zpa, ..., Znu.

(c) Show that the answer to (b) depends on Zyi,..., Zn only through Zy.



