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Notation.

I, : the identity matrix of size n.
M, m(R): the set of n x m real matrices.

1 (32%) Let A,B € M,«,(R). Determine “true” or “false” for the following
statements. If “true”, prove it; if “false”, give a counterexample.

a If rank(AB)=rank(A), then B is invertible.
b If A is similar to B, then A and B have the same characteristic polynomial.
c If A>4+3A%2+4+3A+ 1 =0, then A is invertible.

d If A is symmetric, then all eigenvalues of A are real.

2 Let W7 and W5 be the subspaces of a vector space V.
a. (10%) Show that W7 N W> is a subspace of V.
b. (5%) Find W; N W,, where W; = span{(1,2,3)", (—1,2,1)"} and
Wy = span{(1,—1,0)", (2,—1,1)T}.

3 (10%) Let T : R®* — R3 be a linear transformation and
T(er) =1[0,1,2]", T(e2) =[1,0,2]", T(es) = [2,1,-3]",
where {ej, ez, e3} is the standard ordered basis for R3. Let
8=A{01,1,1]",[0,1,1]",[0,0,1] "}

be an ordered basis for R?. Find [Ts.

4 Let
3 1 1
A= 2 4 2
-1 —1 1

a. (10%) Find an invertible matrix @ such that Q' AQ is a diagonal matrix.
b. (5%) Describe the set W = {p(x)|p(z) is a polynomial and p(A) = 0}.

5 (10%) Let A € M, (R) with rank(A) = m. Show that AT A is invertible.

6 Suppose that the characteristic polynomial of A € Mgye(R) is (3 —t)*(2 — ¢)2.
a. (10%) Find all possible Jordan canonical forms of A.
b. (8%) If rank(A — 31) = 4 and rank(A — 2I) = 4, what are the possible
Jordan canonical forms of A7






