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1. (5%) Let E€ denote the complement of an event E. Which of the following pairs of events, A and B,
can be disjoint?

(A) Pr(4) = and Pr(B°) = -
(B) Pr(4) = - and Pr(B°) =~
(C) Pr(A4) =7 and Pr(B) ==
(D) Pr(4) =3 and Pr(B) = 2

(E) None of these

2. (5%) The random variable X has the probability density function
_fex? if1l<x<2;
fx(x) = {0 otherwise. _
Let A be the event {X > 3/2} and Y = X?. What is the conditional variance of ¥ given A?

A1

B) 12

(©)1/4

(D) 2

(E) None of these

- |3. (5%) Let the joint probability density function of X and ¥ be given by
_ (sin(x)sin(y) if 0<x<m/2, 0<y<m/Z
F %) {O elsewhere.
Which of the following is the correlation coefficient of X and Y?

(A)0

B)1

©)-1

D)5

(E) None of these

4. (5%) Let X have the probability density function
fX)=e™ 1, —1<x<oo
Which of the following is correct?
A Pr(1<X)=e™?
(B) The moment-generating function of X is M(t) = e™*
O E[X]=-1
D) Var[X]=1 _
(E) The distribution function of X is F(x) = —e (%) -1 < x < o

5. (5%) Let X and Y have the joint probability density function
flxy)=2, I<xL<y=£l

Which of the following is correct?

A EX]=1

(B)E[Y] =1/2

(O E[Y*]=1/2

D) PrO<X<Y,0<Y <) =1/2

(E) None of these
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6. (5%) Let the joint probability mass function of X and Y be defined by

fay) =22, x=12y=1234
Which of the following is wrong?
(A)Pr(X >Y) =3/32
(B) Pr(Y = 2X) =9/32
(C)Pr(X +Y =3)=3/16
D)Pr(X<3-Y)=1/4
(E) X and Y are independent

7. (5%) Let X4, X, X5 represent the independent failure times in years of three components in parallel.
The probability density functions are fy, (x1) = 3x7,0 < x; <1, fx, (x2) = 4%3,0 < x < 1, and
fx,(x3) = 6x3,0 < x3 < 1. Let Y = max(Xy, X,, X3). Which of the following is correct?

(W) Pry =1/2) =

(B) Pr(y = 1/2) = —
1 12
(C) Pr(y < 1/3) = 13 (5)

12
@) Pr(y <1/3) =1-13(3)
(E) None of these

8. (5%) Let X be a random variable with moment-generating function My (t), —h < t < h. Which of the
following is correct?
A)Pr(X=1) <e™My(t),0<t<h
(B)Pr(X = —-2) <e ?'My(t),0<t<h
OPrX<1)<1-etMy(t),-h<t<0
(D) My (t) + Mx(6t), —h < t < h, is also a moment-generating function of some random variable
(E) None of these

9. (5%) Let X and Y be independent normal random variables with mean 0 and variance 1.
Define a new random variable Z by
_ [X if XY >0;
7=

-X if XY <0.
Which of the following is correct?

(A) Z and Y are independent
(B)E[Z] =1

(Cz=0

(D) Z has a normal distribution
(E) None of these

10. (5%) Which of the following cannot be cumulative distribution function (CDF)?
(A) % + %tan‘l(x), x € (—00,0)
B)(1—e™)™, x € (—oo,00)
(©) e, x € (—,0)
D)1—-e™™, x € (0,00)
(E) None of these
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1. (25%) Consider two discrete random variables X and Y with joint pmf:

Px,y) | X=-1] X=0 | x=1
Y =2 0.15 0.15 0.1

Y =4 0.05 0.1 0.15
Y =6 0.1 0.15 0.05

(a) (5%) Find the marginal distribution of X

(b) (5%) Find the conditional distribution of X given Y = 4
(c¢) (5%) Find the conditional mean E[X|Y]

(d) (5%) Are X and Y independent? Prove it or disprove it.

(e) (5%) Are X and Y uncorrelated? Prove it or disprove it.

2. (25%) Let X be a random variable with PDF

_[xe™*"/2,  if X>0;

fx () = {0 otherwise.

Suppose that Y = X2. Answer the following questions.

(a) (5%) Find the PDF of Y

(b) (5%) Find the mean value E[Y]

(c) (5%) Find the moment generating function of ¥

(d) (10%) Derive the n-th moment E[Y™]
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