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There are 9 problems in this test. Note that you should write down detailed steps for the solution to each
\problem; otherwise, no credits _for that problem will be given.

1. In how many ways can we distributed 10 identical green balls into 5 distinct containers so that
(a) [6%] no container is left empty?

(b) [6%] the third container has an even number of balls in it?

2.[10%] If a,b € Z*, and both are odd, prove that 2|(a? + b?) but 44 (a? + b?).

3.Let |A| = 7.

(a) [6%] How many closed binary operations functions f: A X A — A are there?
(b) [6%] How many of these closed binary operations are commutative?

4. [10%] An auditorium has a seating capacity of 900. How many seats must be occupied to guarantee
that at least two people seated in the auditorium have the same first and last initials?

5. [10%] In how many ways can 3600 identical envelopes be divided, in package of 25, among five
student groups so that each group get at least 150, but not more than 1000, of the envelopes?

6. Find the generating function for the number of partitions of the nonnegative integer # into summands
where

(a) [6%] each summand must appéar an even number of times;
(b) [6%] each summand must be even.

7.[10%] If a,,,n = 0, is the unique solution of the recurrence relation a, +; — da, = 0, and a; =

156/77, as = 1628/6336, what is d?

where m,n € Z+.

8. (a) [6%] How many vertices and how many edges are there in the complete bipartite graphs Ky, ,,,
(b) [6%] If the graph K, 1, has 72 edges, what is m?

9.[12%] For a,b,n € Z* and n > 1, prove that a = b (mod n) = gcd(a,n) = gcd(b,n).
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