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1. [10%] Let P, be the space of all polynomials with real coefficients and of degree at most
2. Define a function f : P, — R3 by f(p(z)) = (p(1),p(2),p(3))" for any polynomial
p(z) € P,2. Determine whether f is a linear map or not, and justify your answer.

2. [15%] Let A be an m x n real matrix and x a vector in R®. Show that Ax = 0 if and
only if ATAx = 0.

3. [15%] Let V = {(z,y, 2,w)" : z +y + z +w = 0}. Determine the dimension of V and
find an orthonormal basis of V. (A basis is orthonormal if its vectors are of length one
and mutually orthogonal.)

4. [20%] Suppose (z;,4:), ¢ =1,...,4, are four given points in R? such that zi,...,z4 are
distinct. Show that there exists a unique polynomial of degree at most 3 that passes
through these four points.

5. [20%)] Let A, be the n x n matrix whose ¢, j-entry is 1 if ¢ # j and 0 if i = j. Compute
det(A,) as a function of n.

6. [20%)] A real symmetric matrix is positive definite if all of its eigenvalues are positive.
Suppose A is a real symmetric matrix and P is a positive definite matrix. Show that
each eigenvalue of PA is real.
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