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1. (a) (4%) Explain why Rx(7) = sin(2nf.7) cannot be the autocorrelation function of a
wide-sense stationary (WSS) random process X (t).

(b) (6%) Below is a list of the analog modulation schemes for the transmission of message
m(t), where the transmission signal is modeled as s(t) = Re {(s:(t) + Fsg(t))er?mfet} .
Provide what should be placed in the three blanks under sg(t) column below.

Modulations sr(t) so(t)
DSB-SC m(t) 0
SSB m(t) ( (b1) )| Upper sideband transmission
SSB m(t) ( (b2) ) | Lower sideband transmission
DSC-C (AM) | [14+k.m(t)] | ( (b3) )

Note: DSB-C = Double-sideband with carrier, DSB-SC = Double-sideband with sup-
pressed carrier, SSB = Single-sideband

(c) (6%) Suppose the oscillator at the receiver has a phase difference ¢ to the oscillator at
the transmitter, and suppose the value of ¢ can be perfectly estimated via a separate
low-power pilot tone. Show that we can demodulate s;(t) and remove sg(t) from s(2)
for all the above four modulations by two product modulators and two lowpass filters
as shown below.

Ideal lowpass
filter or(t)
s(t) = s1(t) cos(2m fct) cos(2m fet + @)
—s¢(t) sin(27 f.t)
Ideal lowpass
. L v on(t
filter %(?)
—sin(27 fot + @)
Note: You shall represent s;(t) as a function of or(t), og(t) and ¢.
Transmitter | Channel \ Receiver
I |
| i
a Transmit I og(t () Receive t T
(o[ gpemiv |} o) oot} [ Reeshe |4) N 46T
g(t) ! T ' c(t) Sample at
| 1 .
1 I time t = i1}
t

White noise w(t)

In the above diagram, we obtain that for sequence transmission {a},

YT = S ae-pl(l6 = K)B) + wlE) * c(B)limy

k=—o0 -

where p(t) = g(t) % ¢(t), and “¥” is the convolution operation. Denote by G(f), C(f) and
P(f) the Fourier transforms of g(t), c(t) and p(t), respectively. The noise w(t) is zero-mean
and white with power spectra density %
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(b) (6%) Determine Z

_ (f — Tn—) based on (1).
Hint: Pg(f) = —%—b EOO
ps(t) =

n=—co

P( f— Tﬂ) is the Fourier transform of
2 ine—oo P(0Th) 6(t — nT).

(c) (6%) Determine the filter ¢(t) that maximizes the output signal-to-noise ratio (SNR)
for given g(t). You may suppose ag is transmitted, and examine the SNR of y(iT3)|
y(Ty).

3. Let gbl (t) 5 >~

Zj‘vzl sijq,‘)j (t) fori = 1,2

M Dbe real-valued signals.

=0
,on(t), 0 < t < T, be real-valued orthonormal functions, and let s;(t) £
where T denotes the transpose of the vector. (Note that ||s;||2 £ s]s;.)

Define s; £ (8i1, Si2y -+ -, Sin) |
(a) (6%) Show that [ s;(t)s;(t)dt = sTs; and [] (s; sj(t))2 dt
tion Ruw(t,u) = 526(t

= [lsi — sl
Let W (¢) be a real-valued Gaussian process with zero-mean and the autocorrelation func-
— u). Define, for j = 1,2

N, the random variables
T
w2 [ W

(b) (6%) D

erive E{W?} and E{W;W,} for j # k

Now, assume M = 2, and that s;(¢) £ 1,0 <t < T and

Aaf 1, o0<t<ZI
52“)_{—1, Tt<T
Moreover, assume that we observe z(t) = s;(¢t) +w(t), 0 <t < T, with 2 = 1 or 2, and w(t)

N

w(t), 0 <t <
a sample realization of the Gaussian process W (t) defined above
(c) (3%) Find a smallest set of orthonormal functions ¢, (t)

.., ®n(t) such that s;(t) =
=1 8ii¢;(t) for i = 1,2. Let s; and s, be vectors as defined above. Compute
d 2 ||s1 — sofl.

(d) (6%) Give a maximum likelihood (ML) decision rule for estimate 3(t) of the signal
y :
P(5(t) #

53 (t))

s;(t) in z(t), and derive the error probability of the ML estimate §(t), i.e., compute

Please express P(3(t) # s;(t)) in terms of the function

erfc(u \/_ / exp(—22) dz.
zZero mean and variance

You may need the probability density function (pdf) f(v) of a Gaussian r.v. v with
No
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(a) (6%) If n; = 0 and the function p(t) satisfies

. 1, k= ko;
MM”"{@ ko
determine (¢ T})
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4. (This problem is a continuation of Problem 3, but can be solved independently.) Now,
assume M = 4 and consider the passband signals

2F
si(t)éai-\/—j;cos(wact), 0<t<T

for i =1,2,3,4 with a; = 1,a3 = 3,a3 = 5,a4 = 7, and f. an integer multiple of 7.

(a) (1%) Define orthonormal function ¢:(¢),0 < t < T, and specify with respect to ¢1(%)
the message points s; for i = 1,2, 3,4.

(b) (3%) Draw a constellation of the message points s;, and label each s; with 2 bits using
Gray mapping. Give the value of dym = min{||s; — s;]| : 4 # 7}

(c) (8%) Suppose that z(t) = s;(¢) + w(t) for some s;(t) with probability P(s;(t)) = 1/4
for each i, and w(t) a sample realization of W () as defined in Problem 3. Form a ML
estimate 3(¢) of the signal s;(t), given z(t); derive the averaged probability of symbol
error P(3(t) # si(t)).

Hint: you may need erfc(.) and the pdf f(.) given in Problem 3(g).

5. Consider binary data modulation at a carrier frequency of f. in a Rayleigh fading channel,
given that the complex envelope of the received signal y(t) be written as §(t) = Aef® d(t),
if the AWGN noise term (with power spectral density Sy{(f) = No/2) is not included,
where d(t) is a NRZ waveform with an amplitude of 1 and with bit period T, A is a
random amplitude with Rayleigh pdf fa(a) = (a/0?)exp(—a?/(20?)), and @ is random
phase uniformly distributed between 0 and 2.

(a) (4%) Find out the equation of the received signal y(t) and explain the effect of the
channel on the received signal.

(b) (4%) Assume DPSK is used and given that the bit error probability of DPSK in
AWGN as P, = (1/2)e /Mo prove that DPSK over a Rayleigh fading channel has
an average bit error rate of 1/[2(1 + vo)], where o is the average Ey/Np.

(c) (4%) If BPSK modulation is used instead, draw the block diagram of an L antenna
space diversity receiver structure with a maximal ratio combiner and explain how it
works.

(d) (4%) Following (c), prove that the maximal ratio combiner provides the largest SNR

for data detection among all linear combining schemes.

6. Consider a (7,4) systematic cyclic code (a codeword consists of 4 message bits on the left
and 3 parity bits on the right) generated by a generator polynomial g(z) = z3 + 2% + 1.
(a) (3%) Prove that g(z) is a primitive polynomial.
(b) (4%) Explain how the message bits 0111 is encoded into a systematic codeword.

(c) (5%) For a received codeword 0111011, explain how the syndrome is calculated. Ex-
plain why the syndrome can be used for error detection and comment on the reliability
of this syndrome-based error detection method.

(d) (5%) Explain why the syndrome can also be used for error correction when there is
only a single bit error in the received codeword.
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