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1: Let A and B be two non-zero d x d matrices (with d being a positive integer) that satisfy (A B) + B lA=0.

(1) Prove that if B is unitary and if A is real, then A is antisymmetric. (5%)

(2) Without assuming that B is unitary, prove that if both A and B are real and if d is an odd number, then A must
be singular. (13%)

2: Let i = (ng,ny,n;) € R®and C = ( 1+ne ng— my). Compute the determinant |C| and the trace of C
ng +iny 1-—nz

and use them to show that C has only non-negative eigenvalues if and only if |7Z]* < 1. (11%)
3: For the scalar function ¢(z,y, 2) = (z2 + y* + 22)e=(@+y*+2%),
(1) rewrite it in the spherical polar coordinates and compute its gradient; (10%)
(2) determine the coordinates at which the gradient vanishes; | R (6%)

(3) determine the directional derivative along L = %ém + %éy at the Cartesian coordinates of z = zo,y = 0,2 =10
(zo > 0) where &, &, are unit vectors pointing along, respectively, the z-axis and the y-axis. 9 %)

4. In solving the Laplace equation in plane polar coordinates us2ing the method of separation of variables, one arrives
at the linear, ordinary differential equation (ODE) of R(r): 1'2%71; + r% — n?R = 0 with n being a positive integer.
(1) Solve the ODE and find its most general solution R(r) (without imposing any boundary conditions). (7%)

(2) How does the requirement of R(r) remains finite (i.e., |R(r)| < 00) when (i) r — 0 (ii) » — oo each affect the
- solution R(r) allowed? (2%)

(3) Find a particular solution R(r) satisfying the boundary conditions that R(1) =0and R(e) = 1. (6%)

5: For the family of functions f,,(z) = z" parametrized by a non-negative integer 7 = 0,1,2,...,

(1) determine a general expression for the Laplace transform of fr(z) 'by first evaluating explicitly the case of
n = 0,1, and 2 [specify also the value so such that the Laplace transform Fy,(s) = £[z"] is well-defined for

all s > sg and all integer n > O]. (11%)

(2) determine the Fourier transform for fo(z); does the Fourier transform of f,,(z) exist for n > 1? (5%)
6. The Legendre polynomial reads as Py(z) = st (z) where v(z) = dd—;[(xz -1

(1) Show that v(z) and (hence) Py (x) are both solutions to (1 — m%% — 2:1:% +£(¢+ 1)y =0. (8%)

(2) Show that Py(z) satisfies the orthogonality relation fil Py (z)Po(z)dz = 0 forall k # £. (7%)




